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DEFORMATION LIMIT AND BIMEROMORPHIC EMBEDDING OF
MOISHEZON MANIFOLDS
SHENG RAO AND I-HSUN TSAI
Abstract. Let pi : X→ ∆ be a holomorphic family of compact complex manifolds over an open
disk in C. If the fiber pi−1(t) for each nonzero t in an uncountable subset B of ∆ is Moishezon and
the reference fiber X0 satisfies the local deformation invariance for Hodge number of type (0, 1) or
admits a strongly Gauduchon metric introduced by D. Popovici, thenX0 is still Moishezon. We also
obtain a bimeromorphic embedding X 99K PN ×∆. Our proof can be regarded as a new, algebraic
proof of several results in this direction proposed and proved by Popovici in 2009, 2010 and 2013.
However, our assumption with 0 not necessarily being a limit point of B and the bimeromorphic
embedding are new. Our strategy of proof lies in constructing a global holomorphic line bundle over
the total space of the holomorphic family and studying the bimeromorphic geometry of pi : X→ ∆.
S.-T. Yau’s solutions to certain degenerate Monge-Ampe`re equations are used.
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1. Introduction
The deformation limit problem is central in deformation theory, with which the following long-
standing conjecture is concerned. Throughout this paper, one considers the holomorphic family
π : X→ ∆ of compact complex manifolds of dimension n over an open disk ∆ in C with the fiber
Xt := π
−1(t) for each t ∈ ∆.
Conjecture 1.1. Assume that the fiber Xt is projective for each t ∈ ∆∗ := ∆ \ {0}. Then the
reference fiber X0 := π
−1(0) is Moishezon.
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By definition, a compact connected complex manifold X is called a Moishezon manifold if it
possesses dimCX algebraically independent meromorphic functions. Equivalently, X is Moishezon
if and only if there exist a projective algebraic manifold Y and a holomorphic modification Y → X.
Any connected projective manifold is Moishezon.
The following is a stronger variant of the above:
Conjecture 1.2. If the fiber Xt is Moishezon for each t ∈ ∆∗, then the reference fiber X0 := π−1(0)
is Moishezon.
The above two conjectures are actually equivalent to:
Conjecture 1.3. Let π : X → Y be a holomorphic family of compact complex manifolds over
a complex variety Y , V ⊂ Y a proper subvariety and write Y ′ = Y \ V . Suppose that Xt are
Moishezon (or projective) for all t ∈ Y ′. Then Xt are Moishezon for all t ∈ V .
In fact, fix a point t0 of V , take D as a one-dimensional disc in Y with t0 being the center of
D and set V ′ := D ∩ V . Then V ′ is a subvariety of D. Suppose that D is not contained in V . By
the identity theorem, V ′ is a discrete subset of D. Hence by shrinking D, we may assume that V ′
is just the point t0.
D. Popovici proposed proofs of Conjectures 1.1, 1.2 in [P09, P10], respectively, and D. Barlet
presented several related results to Conjecture 1.2 in [Ba]. Our results, some of which have been
involved in [P09, P10, P13] for which we propose a new proof, can be summed up as follows. Recall
that for a complex n-dimensional manifold X, a smooth positive-definite (1, 1)-form α on X is said
to be a strongly Gauduchon metric if the (n, n− 1)-form ∂αn−1 is ∂¯-exact on X. If X carries such
a metric, X will be said to be a strongly Gauduchon manifold. This notion was introduced by
Popovici in [P13].
As the main theorem of this paper, we prove more in Theorems 4.17, 4.27 and 4.33 than the
following result:
Theorem 1.4. If the fiber Xt is Moishezon for each nonzero t in an uncountable subset B of
∆, with 0 not necessarily being a limit point of B, and the reference fiber X0 satisfies the local
deformation invariance for Hodge number of type (0, 1) or admits a strongly Gauduchon metric,
then over ∆ǫ := {z ∈ C : |z| < ǫ} with some small constant ǫ > 0,
(i) Xt is still Moishezon for any t ∈ ∆ǫ.
(ii) For some N ∈ N, there exist a bimeromorphic map
Φ : X∆ǫ 99K Y
from X∆ǫ := π
−1(∆ǫ) to a subvariety Y of PN ×∆ǫ with every fiber Yt ⊂ PN × {t} being a
projective variety of dimension n, and also a proper analytic set Σ ⊂ ∆ǫ, such that Φ induces
a bimeromorphic map
Φ|Xt : Xt 99K Yt
for every t ∈ ∆ǫ \ Σ.
In the terminology of [CaP, Definition 3.5], we may say that our family π : X→ ∆ is Moishezon,
meaning that it is bimeromorphically equivalent over ∆ to a proper holomorphic map p : Y → ∆
from a complex variety, which is p-ample, in particular, every fiber Yt ⊂ Y is a projective variety. It
is remarked in [CaP, p. 334] that not every holomorphic map f : X → Y between complex spaces
such that every fiber f−1(y) is Moishezon, is Moishezon. Here the meromorphic/bimeromorphic
maps are understood and defined in the sense of Remmert ([Re57], [St] and [Ue]).
In contrast to Popovici’s approach which is analytic in nature (see Subsection 3.1 for a brief
review), our approach is partly built on algebraic methods in the sense of Grauert, cf. [BS]. In the
strongly Gauduchon case, we resort to Monge-Ampe`re equations of degenerate type with solutions
obtained by S.-T. Yau [Yau] and to Popovici’s criterion on big line bundles using mass control
[P08], via Fujita’s approximate Zariski decomposition [Fu94]. We use an uncountable subset B
(with 0 6∈ B¯ allowed) for the assumed Moishezon conditions rather than the whole ∆∗ as Popovici
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does, while the case 0 ∈ B¯ is implicit in [P09, P10, P13], whose approaches are not applicable to
our case in Theorem 1.4 directly, cf. Remark 4.28 for example. To prove Theorem 1.4, we obtain
an extension property of bigness in Corollary 4.3 to the effect that if a global holomorphic line
bundle over the total space of the family is such that its restriction to any fiber of an uncountable
subset in ∆ is big, then its restriction to any other fiber of the family is also big. Notice that
the result [Tj, Examples 1 and 2] implies that ‘uncountable’ is an indispensable condition there.
Moreover, Campana’s counterexample in [Ca, Corollary 3.13] shows that the small deformation of
a Moishezon manifold which is not of general type, is not necessarily Moishezon. Based on these,
it is reasonable to propose:
Question 1.5. Characterize those Moishezon manifolds which are still Moishezon after a small
deformation.
Conjecture 1.6. If the fiber Xt is Moishezon for each t in an uncountable subset of ∆, then there
exists a global holomorphic line bundle L˜ on X such that the restriction L˜|Xt is big for every t ∈ ∆.
Actually, the proof of Theorem 4.27.(ii) shows that if Conjecture 1.6 holds true, then the family
π : X → ∆ is Moishezon, which in turn induces a bimeromorphic map on Xt for every t ∈ ∆ \ Σ
for some proper analytic set Σ ⊂ ∆.
Theorem 1.4 can be considered as a new understanding of Popovici’s remarkable result on de-
formation limit of projective manifolds from a global and algebraic point of view by a construction
of a global holomorphic line bundle over the total space:
Corollary 1.7 ([P13, Theorems 1.2, 1.4]). If for each t ∈ ∆∗, the fiber Xt is projective and the
reference fiber X0 satisfies the local deformation invariance for Hodge number of type (0, 1) or
admits a strongly Gauduchon metric, then X0 is Moishezon.
The work [PU, Corollary 1.6] or the q = 1 case of [RZ, Theorem 1.4.(2)] shows that either the
sGG condition on X0 or the surjectivity of the natural mapping ι
0,1
BC,∂¯
from the (0, 1)-Bott-Chern
cohomology group of X0 to the Dolbeault one, guarantees that the (0, 1)-type Hodge numbers of
Xt are independent for small t. Notice that by [RZ, Remark 3.8] this surjectivity is equivalent
to the sGG condition proposed by Popovici-Ugarte [P15, PU]; see also [PU, Theorem 2.1.(iii)].
Recall that the sGG condition for a complex manifold X means that every Gauduchon metric on
X is automatically strongly Gauduchon.
After the completion of this paper, it came to our notice that another work [P19] of Popovici
just appeared in which he proposed a new approach to Conjecture 1.2.
Notation 1.8. All compact complex manifolds in this paper are assumed to be connected unless
mentioned otherwise, complex spaces are reduced and the letter t will always denote the parameter
for the family of complex manifolds. The notation hi(Z,F ) denotes dimCH
i(Z,F ) for a sheaf F
of abelian groups over a complex space Z. Sometimes one uses additive notation for the tensor
product of vector bundles.
2. Preliminaries
2.1. Moishezon manifolds. To start with, we adopt the following standard terms. By a holo-
morphic family π : X→ B of compact complex manifolds, we mean that π is a proper holomorphic
surjective submersion between complex manifolds as in [K, Definition 2.8].
We are mostly concerned with deformations of Moishezon manifolds. A nice reference on Moishe-
zon manifolds is [MM, Chapter 2]. We first give a geometric description of the Kodaira map. Let
X be a compact connected complex manifold of dimension n and L a holomorphic line bundle
over X. The space of holomorphic sections of L on X is finite-dimensional. Set the linear system
associated to L = H0(X,L) as |L| = {Div(s) : s ∈ L}. The base point locus of the linear system
|L| is given by
Bl|L| = ∩s∈LDiv(s) = {x ∈ X : s(x) = 0, for all s ∈ L}.
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Set d = dimCH
0(X,L) and let G(d − 1,H0(X,L)) be the Grassmannian of hyperplanes of
H0(X,L). The Kodaira map ΦL associated to L is defined by
ΦL : X \ Bl|L| −→ G(d− 1,H0(X,L)) : x 7−→ {s ∈ H0(X,L) : s(x) = 0}.
Now consider Lp := H
0(X,L⊗p) and Φp := ΦLp . Set ̺p = max{rk Φp : x ∈ X \Bl|Lp|} if Lp 6= {0},
and ̺p = −∞ otherwise. The Kodaira-Iitaka dimension of L is
κ(L) = max{̺p : p ∈ N+}.
Theorem 2.1 ([Ue, Theorem 8.1]). For a Cartier divisor (or a line bundle) D on a variety M ,
there exist positive numbers α, β and a positive integer m0 such that for any integer m ≥ m0, there
hold the inequalities
(2.1) αmκ(D) ≤ h0(M,OM (mdD)) ≤ βmκ(D),
where d is some positive integer depending on D. When the divisor D is effective (or h0(M,OM (D)) 6=
0), one can take d = 1 in (2.1).
A line bundle is called big if κ(L) = dimCX. By Siegel’s lemma (cf. [MM, Lemma 2.2.6]) that
there exists C > 0 such that h0(X,L⊗p) ≤ Cp̺p for any p ≥ 1, L is big if (and only if)
(2.2) lim sup
p→+∞
h0(X,L⊗p)
pn
> 0.
Lemma 2.2 ([MM, Theorem 2.2.15]). A compact complex manifold is Moishezon if and only if it
admits a big holomorphic line bundle.
2.2. Locally free sheaves. Let f : X → Y be a continuous map of topological spaces and F
a sheaf of abelian groups on X. Denote by Rqf∗F the q-th direct image sheaf associated to the
presheaf on Y
V 7→ Hq(f−1(V ),F),
where the restrictions are naturally defined. In particular, R0f∗F equals the direct image f∗F.
Lemma 2.3 (cf. [Iv, Theorem 6.2 of Chapter III, p. 176]). Let f : X → Y be a proper map
between locally compact spaces and F a sheaf of abelian groups on X. For any point y ∈ Y and for
all q,
(Rqf∗F)y ≃ Hq(f−1(y),F).
Consider a morphism of ringed spaces
f : (X,OX)→ (Y,OY ).
If F is an OX -module, then the sheaves R
qf∗F admit naturally a structure of OY -modules; in
particular, if f is a morphism of complex spaces and F is an analytic sheaf on X, then Rqf∗F are
analytic sheaves on Y .
Theorem 2.4 (Grauert’s direct image theorem [Gr] or [BS, §2 of Chapter III]). Let f : X → Y be
a proper morphism of complex spaces and F a coherent analytic sheaf on X. Then for all q ≥ 0,
the analytic sheaves Rqf∗F are coherent.
An OX-sheaf F on a complex space X is called locally free at x ∈ X of rank p ≥ 1 if there is a
neighborhood U of x such that F(U) ∼= OpU . Such sheaves are coherent. Using Oka’s theorem we
get a converse: If a coherent sheaf F is free at x ∈ X, i.e., if the stalk Fx is isomorphic to Opx, then
F is locally free at x of rank p. In particular, the set of all points where F is free is open in X.
For a closer study, one introduces the rank function of an OX-coherent sheaf F. All C-vector
space F¯x := Fx/mxFx, x ∈ X, are of finite dimension. Here mx is the maximal ideal of OX,x. The
integer rk Fx := dimC F¯x ∈ N is called the rank of F at X; clearly, rk Opx = p. The rank function
of a locally free sheaf is locally constant on a complex space X. Conversely, if X is reduced and a
sheaf F is OX-coherent such that rk Fx is locally constant on X, then F is a locally free sheaf on
X.
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The set S(F) of all points in X where a coherent sheaf F is not free is called the singular locus
of F. Then:
Proposition 2.5 ([Re94, Proposition 7.17]). The singular locus S(S), as defined precedingly, of
any given OX -coherent sheaf S on a complex space X is analytic in X. If X is reduced, this set is
thin in X.
Moreover, one has the important:
Theorem 2.6 ([GrR, Grauert’s upper semi-continuity in §10.5.4]). Let f : X → Y be a holo-
morphic family of compact complex manifolds with connected complex manifolds X,Y and V a
holomorphic vector bundle on X. Then for any integers i, d ≥ 0, the set
{y ∈ Y : hi(Xy, V |Xy) ≥ d}
is an analytic subset of Y .
The topology in Y whose closed sets are all analytic sets is called the analytic Zariski topology.
The statement of Theorem 2.6 means an upper semi-continuity of hi(Xy, V |Xy) with respect to
this analytic Zariski topology.
3. Deformation limit of projective manifolds: Hodge number
As a warmup for the proof of Theorem 1.4, we present a weaker version: Theorem 3.1 with two
proofs given in the following two subsections.
Theorem 3.1. With the additional assumption that h0,2(Xt) = h
0,2(X0) for the (0, 2)-Hodge
numbers as t is close to 0, Conjecture 1.1 holds true.
Note that Theorem 3.1 directly follows from [P13, Theorem 1.2] (or just Corollary 1.7 above)
since the deformation invariance for the (0, 2)-Hodge number implies that for the (0, 1)-Hodge
number by Kodaira-Spencer’s squeeze [KS, Theorem 13]. As a corollary of Theorem 3.1 for the
surface case, one obtains:
Corollary 3.2 ([P13, Corollary 1.3]). Let π : X→ ∆ be a holomorphic family of compact complex
surfaces such that the fiber Xt := π
−1(t) is projective for each t ∈ ∆∗ = ∆\{0}. Then the reference
fiber X0 := π
−1(0) is also projective.
Proof. Here we follow an argument inspired by Popovici [P13]. In fact, the Fro¨licher spectral
sequence of any compact complex surface degenerates at E1 as shown in [BHPV, (2.8) Theorem of
Chapter IV] and thus all the Hodge numbers are locally constant for a family of compact complex
surfaces as shown in [V, Proposition 9.20]. See also a power series proof in [RZ, Corollary 3.24].
Therefore, the reference surface fiber X0 is Moishezon by Theorem 3.1. Moreover, the first Betti
number of X0 is even since the Betti numbers of the fibers are always constant and the fiber
Xt := π
−1(t) is projective for each t ∈ ∆∗. By Kodaira’s classification of surfaces and Siu’s result
[S83] for K3 surfaces (or [Bu, Lam] for a uniform treatment), every compact complex surface
with even first Betti number is Ka¨hler. Thus, the limit surface X0 is projective since it is both
Moishezon and Ka¨hler [Mo]. 
We will use the Leray spectral sequence to obtain an isomorphism
Γ(∆, Riπ∗OX) ∼= H i(X,OX), for any i ∈ Z.
Theorem 3.3. Let X,Y be topological spaces, f : X → Y a continuous map and S a sheaf of
abelian groups on X. Then there exists the Leray spectral sequence (Er) such that
(i) Ep,q2 ≃ Hp(Y,Rqf∗(S));
(ii) (Er)⇒ H∗(X, S).
So Hk(X, S) =
⊕
p+q=k E
p,q∞ . In particular, if Hp(Y,Rqf∗(S)) = 0 for p > 0, there is an isomor-
phism
H0(Y,Rqf∗(S)) ∼= Hq(X, S).
Proof. This just follows from [Dm12, (13.8) Theorem and (10.12) Special case of Chapter IV]. 
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3.1. Popovici’s current-theoretic approach. Let us sketch Popovici’s approach for Conjecture
1.1 to prove Theorem 3.1, which indeed inspires us mostly. Most of this subsection is extracted
from [P13] and we don’t claim any originality here.
It is well-known in deformation theory of complex structures [E, K, MK] that the family of the
fibers Xt is C
∞-diffeomorphic to a fixed compact differentiable manifold X but equipped with
a family of complex structures Jt, t ∈ ∆, varying holomorphically with t. In particular, the de
Rham cohomology groups Hk(Xt,C) for each k of the fibers are identified with a fixed element
of Hk(X,C), while the Dolbeault cohomology groups Hp,q(Xt,C) for each p, q may nontrivially
depend on t ∈ ∆.
Lemma 3.4 ([P13, Remark 2.1]). With the setting of Conjecture 1.1, there exists a non-zero
integral de Rham cohomology 2-class c ∈ H2(X,Z) such that for every t ∈ ∆∗, c can be represented
by a 2-form which is of Jt-type (1, 1). Moreover, c can be chosen in such a way that for every
t0 ∈ ∆\Σ, c is the first Chern class of some ample line bundle Lt0 → Xt0 where Σ = {0}∪Σ′ ( ∆
and Σ′ = ∪Σν is a countable union of proper analytic subsets Σν of ∆∗.
Proof. Consider any class c ∈ H2(X,R) and denote by Zc the set of points t ∈ ∆∗ such that c can
be represented by a Jt-type (1, 1)-form. For every t ∈ ∆∗, there holds a Hodge decomposition
H2(X,C) = H2,0(Xt,C)⊕H0,2(Xt,C)⊕H1,1(Xt,C)
with Hodge symmetry H2,0(Xt,C) = H0,2(Xt,C) since Xt is projective. Thus, c ∈ H2(X,R)
contains a Jt-type (1, 1)-form if and only if its projection onto H
0,2(Xt,C) vanishes. Since the
function
∆∗ ∋ t 7→ dimH0,2(Xt,C)
is locally constant by the projectiveness of Xt for t ∈ ∆∗ by [V, Proposition 9.20] or [RZ, Theorem
1.4.(2)], the higher direct image sheaf R2π∗OX over ∆∗ is locally free by Grauert’s continuity
theorem [BS, Theorem 4.12.(ii) of Chapter III] (or just Lemma 4.9 below) and hence can be
identified as a holomorphic vector bundle there. Thus, one sees that Zc is the zero set of the
holomorphic section sc ∈ Γ(∆∗, R2π∗OX) induced by c (identified with a section of R2π∗R) and
followed by R2π∗R→ R2π∗OX. Thus Zc is an analytic subset of ∆∗.
By using the projectiveness of Xt for t ∈ ∆∗, one sees⋃
c
Zc = ∆
∗,
where the union is countable and taken over all the integral classes c ∈ H2(X,Z) with c being
the first Chern class of an ample line bundle on some fiber Xt0 , t0 6= 0; clearly t0 ∈ Zc. Notice
that a countable union of proper analytic subsets is Lebesgue negligible. So there should be some
c ∈ H2(X,Z) in the union satisfying Zc = ∆∗.
To conclude the proof, one uses the standard fact that the ampleness condition is open with
respect to the countable analytic Zariski topology of ∆∗, which follows from the Nakai-Moishezon
criterion for ampleness and the Barlet theory of cycle spaces. 
Consider a smooth family {dVt}t∈∆ of smooth (positive) volume forms on Xt normalized by∫
Xt
dVt = 1. For each t ∈ ∆ \Σ, applying Yau’s theorem [Yau] to the class c in Lemma 3.4 viewed
as a Ka¨hler class on Xt, one obtains a smooth 2-form ωt ∈ c, which is a Ka¨hler form with respect
to the complex structure Jt such that
(3.1) ωnt (x) = vdVt, x ∈ Xt,
where v =
∫
X
cn > 0.
Let’s divide the proof of Theorem 3.1 into two steps. The first step is to show that under the
deformation invariance of the (0, 2)-Hodge numbers h0,2(Xt) on all t ∈ ∆, the family {ωt}t∈∆\Σ of
Ka¨hler forms is uniformly bounded in mass in the sense that, for some constant C > 0 independent
of t ∈ ∆ \ Σ,
0 <
∫
Xt
ωt ∧ gn−1t ≤ C < +∞, for all t ∈ ∆ \ Σ,
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where {gt}t∈∆ is a smooth family of Gauduchon metrics after possibly shrinking ∆ about 0.
In fact, choose ω˜ as any d-closed real 2-form on X in the de Rham class c. There exists a smooth
real 1-form βt on Xt such that for every t ∈ ∆ \Σ, on Xt,
(3.2) ωt = i
∗
t ω˜ + dtβt
where it : Xt → X and dt operates along Xt. Then the mass of ωt splits as
(3.3)
∫
Xt
ωt ∧ gn−1t =
∫
Xt
i∗t ω˜ ∧ gn−1t +
∫
Xt
dtβt ∧ gn−1t .
The first term in the right-hand side of (3.3) is bounded as t varies in a neighborhood of 0 since
{gt}t∈∆ is a smooth family and i∗t ω˜ can be viewed as a smooth family in a neighborhood of 0. So
one needs only to estimate the second term in the right-hand side of (3.3).
Notice that for every t ∈ ∆\Σ, the solution βt is not unique and any other choice is of the type:
βt +
√−1∂t∂¯tαt
with some smooth function αt on X. Stokes’ theorem yields∫
Xt
√−1∂t∂¯tαt ∧ gn−1t =
∫
Xt
αt ∧
√−1∂t∂¯tgn−1t = 0,
which implies that the mass of ωt with respect to g
n−1
t in (3.3) is independent of the choice of βt.
We choose explicitly
β0,1t = −∂¯∗tGtω˜0,2t ,
where ω˜0,2t is the (0, 2)-part of i
∗
t ω˜ with respect to the complex structure Jt and Gt denotes the
associated Green’s operator to the ∂¯t-Laplacian t. The verification of the above choice is not
difficult and can be made by using the fact that from (3.2), the ω˜0,2t is a trivial class or equivalently,
its harmonic component (t-dependent a priori) is zero. Under the deformation invariance of
the (0, 2)-Hodge numbers h0,2(Xt) for t ∈ ∆, the family {Gt}t∈∆ of Green’s operators depends
smoothly on t ∈ ∆ by the fundamental result of Kodaira and Spencer [KS, Theorem 7]. So the
second term in the right-hand side of (3.3)∫
Xt
dβt ∧ gn−1t = −2Re
∫
Xt
∂¯∗tGtω˜
0,2
t ∧ ∂tgn−1t
is bounded as t varies in a neighborhood of 0. This proves the uniform boundedness in mass, as
desired.
We come now to the second step, that is, to produce a closed positive (1, 1)-current on X0
satisfying the following properties in Theorem 3.5 to complete the proof of Theorem 3.1:
Theorem 3.5 (Rewording of [P08, Theorem 1.3]). Let X be a compact complex n-dimensional
manifold. If there exists a d-closed (1, 1)-current T on X whose de Rham cohomology class is
integral and which satisfies
(i) T ≥ 0; (ii)
∫
X
T nac > 0,
then the cohomology class of T contains a Ka¨hler current and thus X is Moishezon. Here Tac is
the absolutely continuous part of T .
In fact, the uniform mass-boundedness property in the first step yields a weakly convergent
subsequence ωtk → T with ∆ \ Σ ∋ tk → 0 as k → +∞. The limit current T ≥ 0 of type (1, 1)
with respect to the limit complex structure J0 of X0 is d-closed and lie in the de Rham class c.
The semi-continuity property for the top power of the absolutely continuous part in (1, 1)-currents
shows for almost every x ∈ X0
Tac(x)
n ≥ lim sup
k→+∞
ωtk(x)
n = v lim sup
k→+∞
dVtk (x) = vdV0(x)
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by (3.1). Thus, ∫
X0
T nac ≥ v > 0
which is just the desired (ii) in Theorem 3.5.
3.2. Upper semi-continuity approach. As a second proof for Theorem 3.1, we will modify the
Lebesgue negligibility argument in Lemma 3.4 to get a global holomorphic line bundle on the total
space X, and then use Kodaira-Spencer’s upper semi-continuity theorem and Demailly’s effective
ampleness to yield a big line bundle on X0.
The main difference between the following lemma and Lemma 3.4 lies in the existence of a global
line bundle on X proved here.
Lemma 3.6. With the setting of Theorem 3.1, there exists a global holomorphic line bundle L on
the total space X such that for every t ∈ ∆\Σ, Lt := L|Xt → Xt is ample, where Σ = {0}∪Σ′ ( ∆
and Σ′ = ∪Σν is a countable union of analytic subsets Σν ( ∆∗.
Proof. Although the arguments are for the most part similar to Lemma 3.4, for the sake of clarity
we sketch the main points here. Consider an ample line bundle Lt0 on Xt0 with some t0 ∈ ∆∗ and
its first Chern class c := c1(Lt0) ∈ H2(X,Z). This time, we will use the exact sequence
(3.4) · · · → H1(X,O∗X)→ H2(X,Z)→ H2(X,OX)→ · · ·
obtained by the standard exponential exact sequence
0→ Z→ OX → O∗X → 0.
By the similar argument and notations as in Lemma 3.4 using however our assumption on the
deformation invariance of h0,2(Xt) over the whole ∆, we reach an analytic subset Zc, the zero set
in ∆ of the holomorphic section sc ∈ Γ(∆, R2π∗OX) induced by c. Now on ∆∗, by the projectiveness
of Xt one has ⋃
c
Zc ⊇ ∆∗
with the union taken over all the integral classes c ∈ H2(X,Z) satisfying that c = c1(Ht) for some
ample line bundle Ht on Xt, t 6= 0. Since a countable union of proper analytic subsets is Lebesgue
negligible, there should be some c˜ ∈ Γ(∆, R2π∗Z) induced by some ample line bundle Lt˜0 on Xt˜0
with some t˜0 ∈ ∆∗ in the union satisfying Zc˜ ⊇ ∆∗. This gives Zc˜ = ∆ since Zc˜ is analytic in ∆.
(Here t˜0 could be different from t0 in the beginning.) That is, 0 ≡ sc˜ ∈ Γ(∆, R2π∗OX). By using
the identification preceding Theorem 3.3 and the long exact sequence above, this implies that c˜
is the image of some element in H1(X,O∗X). This element is the desired global holomorphic line
bundle L on the total space X because its restriction L|Xt˜0 to Xt˜0 admits the first Chern class c˜
and thus L|Xt˜0 is ample by Nakai-Moishezon criterion.
The remaining reasoning can be repeated as in the last paragraph of Lemma 3.4. 
Remark 3.7. Notice that the restriction L|Xt˜0 to Xt˜0 of the global holomorphic line bundle L on
the total space X is not necessarily equal to Lt˜0 (in the middle of the proof) although they have
the same c1. Nevertheless, by the argument in [W, Lemma 2.1], one can construct a new global
holomorphic line bundle L′ on the total space X such that its restriction L′|Xt˜0 to Xt˜0 is just Lt˜0
by using the commutative diagram of long exact sequences
(3.5) · · · // H1(X,OX)

// H1(X,O∗
X
)

// H2(X,Z)

// H2(X,OX)

// · · ·
· · · // H1(Xt˜0 ,OXt˜0 ) // H
1(Xt˜0 ,O
∗
Xt˜0
) // H2(Xt˜0 ,Z)
// H2(Xt˜0 ,OXt˜0
) // · · · .
Note that the condition on the deformation invariance of h0,1 as required in [W] is implied by that
of ours on h0,2 (see the remarks after Theorem 3.1).
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We are ready to finish our second proof after invoking the following two theorems.
Theorem 3.8 (Asymptotic Riemann-Roch, [Laz, Corollary 1.1.25]). Let E be a holomorphic vector
bundle and L a holomorphic line bundle on a compact complex manifold X of dimension n. If
H i(X,E ⊗ L⊗m) = 0 for i > 0 and m≫ 0, then
(3.6) h0(X,E ⊗ L⊗m) = rk E ·
∫
X
c1(L)
n
n!
mn + o(mn)
for large m. More generally, (3.6) holds provided that hi(X,E ⊗ L⊗m) = o(mn) for i > 0.
The other result is on the effective very ampleness. Here and henceforth, let KM denote the
canonical line bundle of the complex manifold M .
Theorem 3.9 ([Dm93, Corollary 2] and also [S96]). If L is an ample line bundle over an n-
dimensional projective manifold X, then K⊗2X ⊗ L⊗k is very ample for k > 2C(n) := 4Cnnn with
Cn < 3 depending only on n.
It is obvious that for some fixed k > C(n), Theorem 3.9 implies that KX ⊗ L⊗k is ample (cf.
also [Fu87]) and thus Kodaira vanishing theorem gives
Hq(X, (KX ⊗ L⊗k)⊗m) = 0, for q,m ≥ 1.
So asymptotic Riemann-Roch Theorem 3.8 gives
h0(X, (KX ⊗ L⊗k)⊗m) =
∫
X
c1(KX ⊗ L⊗k)n
n!
mn + o(mn), for q,m ≥ 1,
where ∫
X
c1(KX ⊗ L⊗k)n > 0.
Back to the proof of Theorem 3.1, let’s recall the line bundle L on X constructed in Lemma 3.6.
By Kodaira-Spencer’s upper semi-continuity [KS, Theorem 4], one has
h0(X0, (KX0 ⊗ L⊗k0 )⊗m) ≥ h0(Xt, (KXt ⊗ L⊗kt )⊗m)
for any small t ∈ ∆ in a neighbourhood of 0 and thus
(3.7) lim sup
m→+∞
h0(X0, (KX0 ⊗ L⊗k0 )⊗m)
mn
≥
∫
Xt
c1(KXt ⊗ L⊗kt )n
n!
> 0
for any small t ∈ ∆ \Σ in a neighbourhood of 0 since then Lt is ample. Thus, by (2.2), KX0 ⊗L⊗k0
is a big line bundle on X0 and so X0 is Moishezon. This completes our second proof of Theorem
3.1.
Remark 3.10. Demailly’s effective very ampleness in Theorem 3.9 is crucial in this proof. For, we
need a t-independent bound for k, with KXt ⊗L⊗kt ample, such that in the upper semi-continuity
as m→ +∞ for which t possibly becomes smaller, the first inequality in (3.7) can still hold.
4. Proof of Main Theorem 1.4
The basic idea is to construct a global holomorphic line bundle over the total space by use of
torsion and techniques of currents, in Proposition 4.14 and Theorem 4.27, respectively, and then
use the extension of bigness done in Corollary 4.3 to conclude that the restriction of the constructed
global holomorphic line bundle to any fiber is big.
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4.1. Deformation density of Kodaira-Iitaka dimension. We first describe the deformation
behavior of Kodaira-Iitaka dimension. Throughout this subsection, we consider the holomorphic
family π : X→ Y of compact complex n-dimensional manifolds over a connected complex manifold
Y of dimension one with Xt := π
−1(t) for t ∈ Y .
Proposition 4.1. Assume that there exists a holomorphic line bundle L on X and set Lt := L|Xt.
If the Kodaira-Iitaka dimension κ(Lt) = κ for each t in an uncountable set B of Y , then κ(Lt) ≥ κ
for all t ∈ Y .
Proof. The case κ = −∞ is trivial and so one assumes that κ ≥ 0. For any two positive integers
p, q, set
Tp,q(L) = {t ∈ Y : h0(Xt, L⊗pt ) ≥
1
q
pκ}.
By the upper semi-continuity Theorem 2.6, it is known that Tp,q(L) is a proper analytic subset of
Y or equal to Y . From the assumption that κ(Lt) = κ for each t ∈ B and Theorem 2.1, it holds
that ⋃
p,q∈N+
Tp,q(L) ⊇ B
despite that the d in Theorem 2.1 is not necessarily one here. Then since a proper analytic subset
of a one-dimensional manifold is at most countable, there exists some analytic subset in the union,
denoted by TP,Q(L), such that TP,Q(L) ⊇ B and so TP,Q(L) = Y . That is, for any t ∈ Y , there
holds
h0(Xt, L
⊗P
t ) ≥
1
Q
P κ.
Now take H = L⊗P and thus for any t ∈ Y ,
h0(Xt,Ht) 6= 0.
For any two positive integers p, q, we write
Sp,q = Tp,q(H) ∩ Tp+1,q(H) ∩ Tp+2,q(H) ∩ · · · ,
where
(4.1) Tp,q(H) = {t ∈ Y : h0(Xt,H⊗pt ) ≥
1
q
pκ}
and similarly for Tp+1,q(H), Tp+2,q(H), · · · . By the upper semi-continuity again Sp,q is a proper
analytic subset of Y or equal to Y ([Dm12, (5.5) Theorem of Chapter II]). From the assumption
that κ(Ht) = κ(Lt) = κ for each t ∈ B and Theorem 2.1 with d = 1, one sees that⋃
p,q∈N+
Sp,q ⊇ B.
Here a proper analytic subset is at most countable, hence there exists some analytic subset in the
union, denoted by SI,J , such that SI,J ⊇ B and so SI,J = Y . That is, for any t ∈ Y , there holds
for all i ≥ I,
(4.2) h0(Xt,H
⊗i
t ) ≥
1
J
iκ.
Hence, κ(Lt) = κ(Ht) ≥ κ for all t ∈ Y by Theorem 2.1 again (with d = 1). 
Remark 4.2. Proposition 4.1 is equivalent to Lieberman-Sernesi’s main result [LS, Theorem on
p. 77] in some sense: With the notations in Proposition 4.1, there exist a constant ℓ and a set
W ⊆ Y , which is the complement of the union of a countable number of proper closed subvarieties,
such that {
κ(Lt) = ℓ, if t ∈W ;
κ(Lt) > ℓ, if t ∈ Y \W .
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We first prove Proposition 4.1 by [LS, Theorem on p. 77]. If not, there exists some Lt, whose
Kodaira-Iitaka dimension κ(Lt) < κ. Then, by their notations, the B in Proposition 4.1 must lie
outside W . Now, their theorem tells us that Y \W is only a countable union of analytic subsets
of Y , which is again a countable set, denoted by E. Since E contains B as just mentioned and B
is assumed to be uncountable, a contradiction follows.
Next we prove the converse. One takes ℓ as mint∈Y κ(Lt) and writes ℓ = −1 for the moment if
ℓ = −∞. First suppose that Y is of dimension one. Define Tp,q(L) similarly (by setting κ there to
be ℓ here) and use Y in place of B to reach H. So the set
{t ∈ Y : κ(Lt) ≥ ℓ+ 1} =
⋃
p,q∈N+
Sp,q,
where Sp,q = Sp,q(H) is the set according to (4.1) with κ replaced by ℓ + 1, is just the desired
countable union of proper closed subvarieties in [LS, Theorem on p. 77]. Note that if we avoid H
and define Sp,q = Sp,q(L), then the above equality becomes only a reverse inclusion (⊃) in view of
Theorem 2.1. Note also that this part of argument remains valid and applicable to Y of higher
dimensions. The converse is proved. 
As a direct application of Proposition 4.1, one has the extension property of bigness:
Corollary 4.3. Let π : X → Y be a holomorphic family of compact complex n-dimensional
manifolds. Assume that there exists a holomorphic line bundle L on X such that for each t in
an uncountable set of Y , L|Xt is big. Then for each t ∈ Y , L|Xt is also big and thus Xt is
Moishezon.
Remark 4.4. Using the above argument, one is able to partially solve the following conjecture
[Ue, Conjecture in Remark 7.6]: The Kodaira dimension is upper semi-continuous under small
deformations of complex manifolds. In fact, one assumes that κ(Xt0) = κ0 ≥ 0 for some t0 ∈ Y .
Then there exists some positive integer p0 such that
h0(Xt0 ,K
⊗p0
Xt0
) 6= 0.
Without loss of generality, one assumes p0 = 1 since κ(L
⊗q) = κ(L) for a line bundle L and any
positive integer q. So there exists some β > 0 such that for all sufficiently large integer p,
h0(Xt0 ,K
⊗p
Xt0
) < βpκ0 .
For the p as above, set
Vp = {t ∈ Y : h0(Xt,K⊗pXt ) ≥ βpκ0},
which is obviously a proper analytic subset of Y . Let V = Y \⋃p Vp. Then for any t ∈ V , there
holds
h0(Xt,K
⊗p
Xt
) < βpκ0 ,
which implies κt ≤ κ0. For global line bundles other than canonical line bundles, the similar
argument and conclusion hold. 
4.2. Existence of line bundle over total space: Hodge number. First we introduce the
torsion sheaf as in [Re94, §7.5]. Let X be a reduced complex space. For every OX -module F one
defines
T (F) :=
⋃
x∈X
T (Fx),
where
T (Fx) := {sx ∈ Fx : gxsx = 0, for a suitable gx ∈ Ax}
with the multiplicative stalk Ax of the subsheaf A of all non-zero divisors in OX . For our cases
below we have A = OX . We obtain an OX -module in F; obviously T (F)x = T (Fx). T (F) is called
the torsion sheaf of F. We call F torsion free at x if T (F)x = 0. The sheaf F/T (F) is torsion free
everywhere. Subsheaves of locally free sheaves are torsion free.
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Proposition 4.5. For a holomorphic family π : X → Y of compact complex manifolds over a
connected one-dimensional manifold with 0 ∈ Y , suppose that R2π∗OX is locally free on Y ∗ :=
Y \ {0}. Let s ∈ Γ(Y,R2π∗OX). Then s|Y ∗ = 0 is equivalent to the germ s0 ∈ T (R2π∗OX)0. As a
consequence, if T (R2π∗OX)0 = 0 and s|Y ∗ = 0, then s = 0 in Γ(Y,R2π∗OX).
Proof. In the algebraic category this is standard, cf. [Ha, Lemma 5.3 of Chapter II]. Here we work
in the analytic category. First, 0 = s|Y ∗ ∈ Γ(Y ∗, R2π∗OX) implies that Supp(s) ∩ Y ∗ = ∅ and
thus Supp(s) ⊆ {0}. We need [BS, Proposition 3.2 of Chapter II]: Let Z be a complex space, A a
closed analytic subset of Z and F a coherent analytic sheaf on Z. Then the sheaf H0AF is coherent
and is equal to the subsheaf of all sections of F annihilated by suitable powers of the ideal I(A).
Here the subsheaf H0AF of F is formed by the sections whose support is in A. Accordingly, s is
a section of H0{0}R
2π∗OX and since t generates I(A), there exists some m > 0 such that, after
possibly shrinking Y ,
tm · s = 0 ∈ Γ(Y,R2π∗OX)
which implies s0 ∈ T (R2π∗OX)0.
Conversely, if s0 ∈ T (R2π∗OX)0, then it follows that there exists some m > 0 such that
tm · s = 0 ∈ Γ(Y,R2π∗OX).
By the local freeness of R2π∗OX and tm 6= 0 both on Y ∗, we obtain 0 = s|Y ∗ ∈ Γ(Y ∗, R2π∗OX), as
to be proved. Indeed, the germs st lies in the stalk (R
2π∗OX)t and if t is nonzero, (R
2π∗OX)t is a
free Ot-module by the local freeness of R
2π∗OX over Y ∗. Since Ot has no zero-divisor, tm · s = 0
on Y ∗ yields the vanishing of st for all t ∈ Y ∗. For the last statement, it follows from the first part
that the germs sy = 0 for all y ∈ Y , giving s ≡ 0. 
Here we need a simple result from commutative algebra:
Lemma 4.6 ([AtM, Exercise 2 on p. 31]). Let A be a commutative ring with 1, a an ideal of A
and M an A-module. Then M⊗A A/a is isomorphic to M/aM.
We also collect several (partial) results on Grauert’s base change theorem. In this part one
always considers the proper morphism f : X → Y of complex spaces and a coherent analytic sheaf
F on X, flat with respect to f , which means that the Of(x)-modules Fx are flat for all x ∈ X.
Lemma 4.7 (Grauert’s base change theorem, [BS, Theorem 3.4 of Chapter III]). Let y be a point
in Y , and q an integer. The following assertions are equivalent:
(i) The canonical morphisms
Rqf∗(F)y ⊗Oy M → Rqf∗(F ⊗OY M)y
are isomorphisms, where M is an arbitrary Oy-module of finite type.
(ii) The functor M 7→ Rqf∗(F ⊗OY M)y is right exact.
(iii) The functor M 7→ Rq+1f∗(F ⊗OY M)y is left exact.
(iv) The canonical map
Rqf∗(F)y → Rqf∗(F/mˆyF)y
is surjective, where my is the maximal ideal of OY,y or the natural ideal-sheaf given by this
and mˆy is the ideal-sheaf of OX generated by the inverse image of my.
As a corollary of Lemma 4.7, one gets the exactness criterion:
Corollary 4.8 ([BS, Corollary 3.7 of Chapter III]). With the assumptions of Lemma 4.7, the
following assertions are equivalent:
(a) The functor M 7→ Rqf∗(F ⊗OY M)y is exact.
(b) The canonical maps
Rqf∗(F)y → Rqf∗(F/mˆyF)y, Rq−1f∗(F)y → Rq−1f∗(F/mˆyF)y
are surjective.
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One says that F is cohomologically flat in dimension q at the point y if the equivalent conditions
of the criterion in Corollary 4.8 are fulfilled; F is cohomologically flat in dimension q over Y if F
is cohomologically flat in dimension q at any point of Y .
Lemma 4.9 (Grauert’s continuity theorem, [BS, Theorem 4.12.(ii) of Chapter III]). With the
assumptions of Lemma 4.7, if F is cohomologically flat in dimension q over Y in the sense as
given precedingly, then the function
y 7→ dimHq(Xy,Fy)
is locally constant. Conversely, if this function is locally constant and Y is a reduced space, then
F is cohomologically flat in dimension q over Y ; in particular, the sheaf Rqf∗(F) is locally free.
Based on the above, one obtains:
Corollary 4.10 ([BHPV, Theorem (8.5).(iv) of Chapter I]). Let X, Y be reduced complex spaces
and f : X → Y a proper holomorphic map. If F is any coherent sheaf on X, which is flat with
respect to f , and hq(Xy,Fy) is constant in y ∈ Y , then the base-change map
Rqf∗(F)y/myRqf∗(F)y → Rqf∗(F/mˆyF)y
is bijective.
Proof. Use Lemmas 4.9 and 4.7 or Lemma 4.9 and Corollary 4.8. 
Remark 4.11. Note that Hq(Xy, (OX)y) = H
q(Xy ,OXy). For, Fy = i
∗
yF, where iy : Xy → X is
the closed embedding, which equals F⊗k(y) = F/mˆyF. This is an elementary fact in commutative
algebra.
The following will be used in the proof of Proposition 4.14.
Proposition 4.12. For a holomorphic family π : X → Y of compact complex manifolds over a
connected manifold of dimension one, h1(Xy,OXy) is independent of y ∈ Y if and only if the sheaf
R2π∗OX is torsion free.
Proof. Remark that this type of results should be known to experts, such as [S04] in a different
context. As it is crucial to our purpose here, we prefer to give a complete proof.
The ‘if’ part can be proved by the long exact sequence
(4.3) · · · → R1π∗OX γ−→ R1π∗(OX/tOX) δ−→ R2π∗(tOX) ı−→ R2π∗OX → · · ·
induced by the short exact sequence
0→ tOX ı−→ OX γ−→ OX/tOX → 0.
First note that by using Lemma 2.3
R1π∗(OX/tOX) ∼= H1(X0,OX0).
Now suppose that the Hodge number h1(Xy,OXy) is not constant. We are easily reduced to the
situation where the Hodge number h1(Xy,OXy) is constant around a punctured small connected
neighborhood of some point P ∈ Y and jumps at this point P by Lemma 4.9 and Proposition
2.5. Set this point P as 0, and write U for this small neighborhood and X still for π−1(U). By
using the first part of Lemma 4.9 and (b) of Corollary 4.8, the preceding jumping property of h0,1
enables us to choose an element e ∈ H1(X0,OX0) not belonging to the image of the map γ in the
long exact sequence (4.3). Then δ(e) is nonzero in R2π∗(tOX) by the exactness of the long exact
sequence (4.3). Since the Hodge number h1(Xy,OXy) is constant over U
∗ := U \ {0}, R1π∗(OX) is
thus locally free over U∗ giving that γ in (4.3) is surjective outside t = 0 by using Corollary 4.10.
This gives in turn δ(e) = 0 outside t = 0 by the long exact sequence (4.3) again.
Next we check that δ(e) will give rise to a nontrivial torsion element of R2π∗OX. Obviously, the
map ı in (4.3) induces an isomorphism outside t = 0:
ı : R2π∗(tOX) ∼= R2π∗OX.
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Observe next that the map ı divided by t, denoted by  = ı/t, induces an isomorphism over U
 : R2π∗(tOX) ∼= R2π∗OX.
Recall that 0 6= δ(e) ∈ R2π∗(tOX) as just indicated. Thus (δ(e)) 6= 0. However (δ(e)) = 0 outside
t = 0 since δ(e) = 0 outside t = 0. We now see that (δ(e)) is a torsion element, as desired, by
Proposition 4.5 after possibly shrinking U so that R2π∗OX is also locally free on U∗.
The ‘only if’ part is a special case of [GrR, Proposition in §10.5.5]: If hi(Xy, V |Xy) with a
holomorphic vector bundle V on X is independent of y ∈ Y , then the sheaf Ri+1f∗V is torsion
free. Alternatively, one can prove this in a way similar to the ‘if’ part by the long exact sequence
for some positive integer m
(4.4) · · · → R1π∗OX γm−−→ R1π∗(OX/tmOX) δ−→ R2π∗(tmOX) ı−→ R2π∗OX → · · ·
associated with the short exact sequence
0→ tmOX ı−→ OX γm−−→ OX/tmOX → 0
and by Grauert’s base change theorem. To start with, suppose that R2π∗OX is not torsion free, say
T (R2π∗OX)p 6= 0 at some p, and that R2π∗OX is locally free on V ∗ = V \{p} for some neighborhood
V of p. After possibly shrinking V , pick an s ∈ Γ(V,R2π∗OX) with 0 6= sp ∈ T (R2π∗OX)p. Set this
p as 0. From Proposition 4.5 one sees that there exists an integer m > 0 such that
(4.5) tm · s = 0 ∈ Γ(V,R2π∗OX).
We first assume m = 1 in (4.5) and work over (4.4) with m = 1. Clearly t · s defines a section
of R2π∗(tOX). We claim that t · s is a nonzero section of R2π∗(tOX). Recall the isomorphism
 : R2π∗(tOX) ∼= R2π∗OX
induced from tOX → OX and division by t. One has (t · s) = s and since 0 6= s ∈ Γ(V,R2π∗OX)
by construction, giving (t · s) 6= 0 hence t · s 6= 0 in R2π∗(tOX) as claimed. Moreover, by
ı : R2π∗(tOX) → R2π∗OX in the long exact sequence (4.3), one has ı(t · s) = t · s ∈ Γ(V,R2π∗OX)
which is zero by (4.5) for m = 1. This means that ker ı is nontrivial. We are ready to show that
the Hodge number h1(Xy,OXy ) cannot be independent of y ∈ V , giving the conclusion of the ‘only
if’ part for m = 1. Suppose otherwise. Then the base change theorem in Corollary 4.10 implies
that in the long exact sequence (4.4), the map γm=1 is a surjection hence that ker ı is trivial. This
contradicts the preceding assertion that ker ı is nontrivial. We have now shown that h1(Xy,OXy )
cannot be constant in y as desired.
We can deal with the general case m > 1 similarly. The key is to replace t by tm throughout
the preceding paragraph and use the base change theorem for m > 1 in Lemma 4.7. Indeed, if the
Hodge number h1(Xy,OXy) is constant, the isomorphism in Corollary 4.10 for m = q = 1 implies
the surjection in (iv) of Lemma 4.7 and thus the isomorphism in (i) of Lemma 4.7 for m > 1, q = 1
and M = Oy/m
m
y . This yields the desired surjection of the map γm in (4.4) by Lemma 4.6 with
M = (R1π∗OX)y,A = Oy, a = m
m
y .
As remarked earlier, this can lead to the desired conclusion similarly as done for m = 1. 
Theorem 4.13 (Lefschetz theorem on (1, 1)-classes, [MK, Corollary on p. 135]). Let M be a
compact complex manifold. Then the image of the map H1(M,O∗) c1−→ H2(M,Z) is the set of
elements of type (1, 1).
Proof. Notice that M is a general complex manifold without the Ka¨hlerian condition. For the
reader’s convenience, we present a proof here.
For F ∈ H1(M,O∗), let c := c1(F ) ∈ H2(M,Z) defined by the 2-cocycle {cijk} and denote by
cC its image of the canonical map H
2(M,Z) → H2(M,C). As shown by [MK, Theorem 7.2 of
Chapter 3], the de Rham cohomology of cC is represented by
1
2π
√−1 ∂¯∂ log ak with the hermitian
metric ak of F .
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Conversely, as in the argument of [MK, Theorem 7.2 of Chapter 3], one can find differential
functions λij such that cijk = λij + λjk + λki. Then one can find differentiable 1-forms ψj such
that
dλjk = ψk − ψj
by partition of unity since cijk is constant. So the corresponding de Rham representative ψ to cC
is obtained by
ψ = dψk = dψj .
As for the Dolbeault isomorphism,
∂¯λjk = ψ
0,1
k − ψ0,1j ,
where ψ· is split as the types ψ
0,1
· +ψ
1,0
· . Then the associated Dolbeault representative ϕ to i∗(cC)
is
ϕ = ∂¯ψ0,1k = ∂¯ψ
0,1
j = ψ
0,2,
where ψ0,2 is the (0, 2)-part of ψ. Actually, one obtains the commutative diagram
(4.6) H1(M,O∗)
c1
// H2(M,Z)

i∗
// H2(M,O)
≈ Dolbeault

H2(M,C)
de Rham ≈

H2DR(M,C)
π0,2
// H0,2
∂¯
(M),
where the projection π0,2 is defined on the form level and well-defined on the cohomology level.
Since the associated de Rham representative of the class cC is of type (1, 1), then π
0,2[ψ] = [ψ0,2] = 0
and thus i∗(cC) = 0. This completes the proof by the first line of the commutative diagram
(4.6). 
Proposition 4.14. Let π : X → ∆ be a holomorphic family of compact complex manifolds. Let
B be an uncountable subset of ∆ and for each t of B, the fiber Xt is equipped with a line bundle
Lt. Assume that the deformation invariance of Hodge numbers h
0,1(Xt) is valid on t ∈ ∆. Then
there exists a (global) line bundle L over X such that L|Xτ = Lτ for some τ ∈ B and that
c1(L|Xs) = c1(Ls) for s in some uncountable subset of B.
Proof. The union of c1(Lt) in H
2(X,Z) is countable, but B is uncountable. So there exists some
uncountable subset S of B such that if s ∈ S, then c1(Ls) is the same one in H2(X,Z), which we
denote by the common c.
Let h be the rank of R2π∗OX at the generic point of ∆. By Proposition 2.5, R2π∗OX can be
identified with a vector bundle of rank h on some U of ∆ with ∆\U being a proper analytic subset
of ∆ which is a discrete subset of ∆. But we prefer to assume further that OX is cohomologically
flat on U (in dimension 2) which in our case means that h2(Xt,OXt) is independent of t ∈ U after
possibly shrinking U ; see Lemma 4.9 and Theorem 2.6. One sees that the intersection Sˆ := S ∩U
remains uncountable.
For any s of Sˆ ⊆ S, consider the commutative diagram
(4.7) · · · // H1(XU ,O∗X)

// H2(XU ,Z)

i
// H2(XU ,OX)
Υ

// · · ·
· · · // H1(Xs,O∗Xs) // H2(Xs,Z) // H2(Xs,OXs) // · · · .
We claim i(c) = 0 in H2(XU ,OX) where i is induced by Z → OX. Recall that H2(XU ,OX) ∼=
Γ(U,R2π∗OX) as obtained by the Leray spectral sequence argument in Theorem 3.3 using that
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U is Stein. We shall adopt them interchangeably in what follows. For this claim, first note that
the image of i(c) under the map Υ to H2(Xs,OXs), is zero by the Lefschetz Theorem 4.13 on
(1, 1)-classes on Xs since c is the first Chern class of the line bundle Ls on Xs, s ∈ Sˆ. Recall above
that R2π∗OX is a vector bundle over U . By Corollary 4.10, Lemma 2.3 and the cohomological
flatness in our assumption, the fiber of this vector bundle at the closed point s can be identified
with H2(Xs,OXs), and the section i(c) is a holomorphic section of this vector bundle. Now that
the holomorphic section i(c) has zeros on Sˆ by using the Lefschetz Theorem 4.13 as just noted,
and that Sˆ is uncountable, one concludes with Lemma 4.15 below that i(c) ≡ 0 ∈ H2(XU ,OX),
proving our claim above.
Fix any p of ∆ \U . We shall prove that the preceding assertion i(c) = 0 on U yields i(c) = 0 on
a neighborhood Vp of p. But this claim follows immediately if one applies Propositions 4.12 and
4.5 to a neighborhood Vp of p by using the deformation invariance of Hodge numbers h
0,1(Xt) for
all t ∈ ∆ (noting that ∆ \ U is a discrete subset of ∆).
Combining these, we can conclude i(c) = 0 in Γ(∆, R2π∗OX). By Γ(∆, R2π∗OX) ∼= H2(X,OX)
again, one sees that by the similar long exact sequence in the diagram (4.7) with XU replaced by
X, c can be the first Chern class of a global line bundle L on X. That is, L|Xs and Ls have the
same first Chern class c for any s of Sˆ. Fix any τ of S. By the same argument as in Remark 3.7
due to Wehler, we can modify the global line bundle L so that L|Xτ = Lτ as line bundles on Xτ .
This proves the proposition. 
The following well-known fact in complex analysis of one variable is used above:
Lemma 4.15. Let E be a holomorphic vector bundle over a one dimensional (connected) complex
manifold M and s a holomorphic section of E on M . If s has uncountably many zeros, then s is
identically zero.
Now, we shall improve the above result by the following:
Proposition 4.16. Let M be a compact complex manifold with two holomorphic line bundles L1
and L2 with c1(L1) = c1(L2). Suppose that L1 is big. Then L2 is big too.
Proof. First we note the following characterization of a big line bundle L1 over a compact complex
manifold M : L1 is big if and only if L1 admits a singular Hermitian metric h such that the
curvature current ΘL1,h is strictly positive, namely, ΘL1,h ≥ ω in the sense of current for a smooth
strictly positive (1, 1)-form ω on M . The proof of this characterization can be found in [Dm92,
Proposition 4.2] for M being Ka¨hler and in [JS, Theorem 4.6] for general M .
For our purpose, let us first assume that M is a ∂∂¯-manifold. As L2 = L1⊗G for G := L2⊗L∗1
with c1(G) = 0, the ∂∂¯-lemma of M gives rise to a smooth hermitian metric g on G with its Chern
curvature ΘG,g = 0 (cf. [Zh, § 9.1]). From this g together with the above characterization for
bigness, Proposition 4.16 follows easily.
For the general case, by Lemma 2.2 our M is Moishezon since M admits a big line bundle
L1. Moreover, any Moishezon manifold satisfies the ∂∂¯-lemma by [Pa] or [DGMS, Theorem 5.22].
Hence our proposition follows from this and the preceding paragraph for the ∂∂¯-case. Alternatively
one can see this as follows. There exists a (finite sequence of) blow-up(s) f : N →M along smooth
center(s) with N being a projective manifold. It is true that L1 is big on M if and only if f
∗L1 is
big on N , which follows from [Ue, Theorem 5.13] (for the condition needed there we may assume
that kL1 is Cartier for a large and fixed k) or from [RYY, Corollary 6.13]. Now N is obviously
a ∂∂¯-manifold. As c1(f
∗L1) = c1(f∗L2), it follows that f∗L2 is big on N . Thus L2 is big on M .
The proof of Proposition 4.16 is completed. 
We can now apply Propositions 4.14 and 4.16 to Conjecture 1.2:
Theorem 4.17. Let B be an uncountable subset of ∆. If the fiber Xt := π
−1(t) for each t ∈ B is
Moishezon and the deformation invariance of Hodge numbers h0,1(Xt) holds for all t ∈ ∆, then Xt
is Moishezon for each t ∈ ∆. Moreover, there exists a bimeromorphic embedding Φ : X→ PN ×∆
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for some N ∈ N such that Φ(Xt) ⊂ PN × {t}. In fact, the exact statements as (ii) of Theorem
4.27 hold here too.
Proof. Suppose that the Moishezon fiber Xt := π
−1(t) for each t ∈ B admits a big line bundle
Lt. Actually we have obtained a line bundle L on X such that c1(L|Xt) = c = c1(Lt) for each
t ∈ Sˆ ⊆ B in (the last paragraph in the proof of) Proposition 4.14 according to notations therein.
With Proposition 4.16, we can avoid the use of Remark 3.7 (due to Wehler) and reach better
results. That is, for each t ∈ Sˆ ⊆ B, L|Xt is big since Lt is assumed to be big on Xt. Now we are
entitled to use Corollary 4.3 since Sˆ is uncountable and L is a global line bundle on X. It follows
the conclusion that all the fibers Xt are Moishezon, as to be proved. We postpone the part on the
bimeromorphic embedding until the proof of Theorem 4.27.(ii) which actually also works for the
Hodge number case here. 
4.3. Strongly Gauduchon metric case and bimeromorphic embedding. Recall that Popovici
introduced the following notion:
Definition 4.18 ([P13, Definition 4.1]). Let X be a compact complex n-dimensional manifold. A
smooth positive-definite (1, 1)-form g on X will be said to be a strongly Gauduchon metric if the
(n, n− 1)-form ∂gn−1 is ∂¯-exact on X. If X carries such a metric, X will be said to be a strongly
Gauduchon manifold.
A nice deformation property of strongly Gauduchon manifold is the local stability under small
deformation.
Lemma 4.19 ([P14, Theorem 3.1]). Any small deformation of a strongly Gauduchon manifold is
still a strongly Gauduchon manifold.
Proof. This result is implicit in the proof of [P13, Proposition 4.5]. As shown in [P13, Proposition
4.2], the existence of a strongly Gauduchon metric on a complex n-dimensional manifold M is
equivalent to the condition that there exists a real smooth d-closed (2n − 2)-form Ω on M with
its (n− 1, n− 1)-type component Ωn−1,n−1 > 0 with respect to the complex structure on M . Now
we come to the family (X,Jt)t∈∆ of complex manifolds with a fixed differentiable manifold X. We
see that the (n − 1, n − 1)-type components of Ω with respect to the complex structure Jt vary
smoothly in t ∈ ∆ as the complex structures (Jt)t∈∆ do. So one still has Ωn−1,n−1t > 0 on (X,Jt)
after possibly shrinking ∆ about 0. Then Michelsohn’s procedure on extracting the root of order
n − 1 for Ωn−1,n−1t > 0 gives a smooth family {gt}t∈∆ of strongly Gauduchon metrics by [P13,
Proposition 4.2] again. Thus, ∂tg
n−1
t = −∂¯tΩn,n−2t for any small t ∈ ∆. 
We are now in a position to turn to the main part of this subsection.
Lemma 4.20. Let π : X → ∆ be a holomorphic family of compact complex manifolds and B an
uncountable subset of ∆. Suppose that for each t of B, Xt is equipped with a big line bundle Lt.
Then there exists an open subset U of ∆ with ∆ \ U being a proper complex analytic subset of ∆
and a line bundle L over XU = π
−1(U) such that
(i) L|Xs is big for any s in an uncountable subset of U ;
(ii) the similar estimate (4.2) holds on U . As a consequence, Xt is Moishezon for every t ∈ U .
Proof. As in the proof of Proposition 4.14, R2π∗OX is a vector bundle over an open subset U and
there exists an uncountable subset Sˆ ⊂ U of B such that c1(Lt) = c are the same for all t ∈ Sˆ.
Thus, with the notations there, i(c) = 0 on U and it follows from the long exact sequence over U
that c is the image of a global line bundle L over XU .
To prove (i) that this line bundle L satisfies the bigness onXs for s ∈ Sˆ, we just apply Proposition
4.16 to each Xs for s in Sˆ with the two line bundles L|Xs and Ls because both have the same c1
(= c).
The term (ii) is just given by (i) together with the proof of Proposition 4.1 applied to U . 
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For a positive current T , we write Tac for the absolute continuous part in its Lebesgue decom-
position (cf. [Bou, Subsection 2.3] for a brief review). Recall also the volume v(L) of a big line
bundle L over a compact complex manifold M of dimension n:
v(L) = lim sup
k→∞
n!
kn
h0(M,L⊗k).
Proposition 4.21. Let Y be a compact Moishezon manifold of complex dimension n with a big
line bundle J . Suppose that Y is equipped with a smooth volume form dV with
∫
Y
dV = 1. Then
for every constant ε > 0, there exists a closed, positive (1, 1)-current TJ := TJ,ε ∈ c1(J) such that
T nJ,ac(x) > (v(J)− ε)dV (x) a.e. on Y .
Proof. Compared with the proof of [Bou, Theorem 1.2], our proof uses the degenerate Monge-
Ampe`re equations, but no weak limit for TJ,ε with respect to ε is taken since Y is only assumed
to be Moishezon here.
As Y is Moishezon, there exists a modification π : Y˜ → Y where Y˜ is a projective manifold
equipped with an ample divisor A such that mπ∗J = A+G for some effective divisor G and some
m ∈ N since π∗J is still big on Y˜ by [Ue, Theorem 5.13]. Let the ramification divisor be denoted
by Rπ thus KY˜ = π
∗KY +Rπ and hR be a smooth Hermitian metric on Rπ as a line bundle. Write
s for a canonical section of Rπ with (s) = Rπ and ||s|| for its norm with respect to hR. For the
given volume form dV > 0 on Y , π∗dV denotes the pull-back on Y˜ . Let ωY˜ be a Ka¨hler form in
1
m
c1(A), defined via a suitable Hermitian metric on A. One sees that
dV˜ :=
π∗dV
||s||2
is a smooth positive volume form on Y˜ .
To proceed further, we need to consider the degenerate Monge-Ampe`re equation for ω˜
(4.8) ω˜n = (
∫
Y˜
ωn
Y˜
)π∗dV
from the following nondegenerate type as [Yau, Section 5]:
(4.9) ω˜nδ = cδ(||s||+ δ)2(
∫
Y˜
ωn
Y˜
)dV˜
for ω˜δ := ωY˜ +
√−1∂∂¯ϕδ > 0 where δ > 0 is small and the normalization constant cδ :
cδ =
∫
Y˜
ω˜nδ ·
(∫
Y˜
ωn
Y˜
·
∫
Y˜
(||s||+ δ)2dV˜
)−1
with cδ=0 = 1 since
∫
Y˜
π∗dV =
∫
Y
dV = 1 by assumption.
Fortunately, (4.9) and its limiting version (4.8) have been solved by Yau in [Yau, Theorems 1
and 3], so that ω˜δ > 0 exists and as δ → 0, {ω˜δ}δ is uniformly bounded and converges in every
compact subsets of Y˜ \Rπ for a subsequence δk → 0 and ω˜ is obtained by taking this subsequence
convergence. See also the monograph [GZ] for a review and new results.
We claim that ω˜ ∈ 1
m
c1(A). Let χ be any smooth closed (2n − 2)-form on Y˜ . We note the
following facts:
i) {|∂i∂j¯ϕδ|}δ is uniformly bounded as shown [Yau, pp. 374-375],
ii) ∂i∂j¯ϕδk → ∂i∂j¯ϕ0 a.e. on Y˜ ,
iii)
∫
Y˜
∂∂¯ϕδ ∧ χ = 0 since ∂∂¯ϕδ is smooth and is a trivial class.
It follows that
∫
Y˜
∂∂¯ϕ0 ∧ dχ′ = 0 for any smooth (2n − 3)-form χ′ by Lebesgue convergence
theorem, hence that the (1, 1)-form ∂∂¯ϕ0 with locally integrable coefficients defines a closed current
on Y˜ . To have ω˜ ∈ 1
m
c1(A), it remains to show that
√−1∂∂¯ϕ0 gives a trivial class since ω˜ =
ωY˜ +
√−1∂∂¯ϕ0. It suffices to show that
∫
Y˜
∂∂¯ϕ0 ∧ χ = 0. This follows again by the same
convergence reasoning. Our claim ω˜ ∈ 1
m
c1(A) is proved.
DEFORMATION LIMIT OF MOISHEZON MANIFOLDS 19
To find a representative for c1(J), we first equip G with a natural singular Hermitian metric
hG such that c1(G,hG) = [G], the closed positive (1, 1)-current defined by G as [Dm10, Example
3.13]. We have now a representative ω˜ + 1
m
c1(G,hG) := Tπ∗J for c1(π
∗J) which is also closed and
positive. Since Tπ∗J is now defined via a singular Hermitian metric, a well-known procedure using
the push-forward current π∗Tπ∗J , which can also be defined using a singular Hermitian metric on
J , yields that π∗Tπ∗J is closed, positive and represents c1(J) according to [JS, proofs in Theorem
4.6], which we denote by TJ . Remark that we can’t assert that Tπ∗J is strictly positive, as ω˜ is
degenerate along Rπ.
Write TJ,ac for the absolute continuous part of TJ as mentioned earlier. We are going to compute
T nJ,ac(x) for x ∈ Y . Now TJ,ac = π∗(Tπ∗J,ac) since π is proper by [Bou, Proposition 2.2]. Further one
sees that Tπ∗J,ac = ω˜ as [Bou, Subsection 2.3] and [Dm10, Example 3.13]. Since π is a modification
which is an isomorphism outside sets of measure 0, it follows that (π∗(Tπ∗J,ac))n = π∗(T nπ∗J,ac)
according to [Bou, p. 1054] hence that T nJ,ac = π∗(ω˜
n) which equals (
∫
Y˜
ωn
Y˜
)π∗(π∗dV ) by (4.8). By
the fact that π∗(π∗dV ) = dV since dV is smooth by the last equality on [JS, p. 40], we have now
achieved
T nJ,ac = (
∫
Y˜
ωn
Y˜
)dV.
It remains to make
∫
Y˜
ωn
Y˜
large to meet the theorem by choosing a suitable modification Y˜ .
Fortunately we are able to find such a suitable modification Y˜ → Y provided the following result
on the Zariski decomposition in the sense of Fujita [Fu94]. 
Lemma 4.22. Let L be a big line bundle on a compact complex manifold Y of dimension n. Then
for every constant ε > 0, there exists a modification Y˜ → Y and a decomposition π∗L = A + E
where A is an ample Q-divisor and E an effective Q-divisor, such that An > v(L)− ε.
Proof. When Y is projective, this is the Fujita decomposition theorem [Fu94] (cf. [Dm10, Theorem
14.6]). In general we may first take a modification π1 : Y˜1 → Y where Y˜1 is a projective manifold,
then π∗1L is big on Y˜1 by [Ue, Theorem 5.13]. Now that Y˜1 is projective, one has a second
modification π2 : Y˜ → Y˜1 with decomposition π∗2(π∗1L) = A + E as in the lemma such that
An > v(π∗1L) − ε. By setting π = π1 ◦ π2, the assertion follows if v(π∗1L) ≥ v(L). This holds true
in view that h0(Y˜1, qπ
∗
1L) ≥ h0(Y, qL) for every q ≥ 1. Remark that this inequality is actually an
equality by [Ue, Lemma 5.3]. 
In the second part on bimeromorphic embedding of the proof for Theorem 4.27, we will often
apply the following preliminaries.
The first ones are proper modification and meromorphic map as shown in the nice reference
[Ue, § 2] on bimeromorphic geometry, where all analytic spaces are assumed to be irreducible and
reduced (but not necessarily compact) and a complex varieties are assumed to be compact, unless
otherwise explicitly mentioned.
Definition 4.23 ([Ue, Definition 2.1]). A morphism π : X˜ → X of two equidimensional irreducible
and reduced complex spaces is called a proper modification, if it satisfies:
(i) π is proper and surjective;
(ii) there exist nowhere dense analytic subsets E˜ ⊆ X˜ and E ⊆ X such that
π : X˜ − E˜ → X − E
is a biholomorphism, where E˜ := π−1(E) is called the exceptional space of the modification.
If X˜ and X are compact, a proper modification π : X˜ → X is often called simply a modification.
More generally, we have the following definition.
Definition 4.24 ([Ue, Definition 2.2]). Let X and Y be two irreducible and reduced complex
spaces. A map ϕ of X into the power set of Y is a meromorphic map of X into Y , denoted by
ϕ : X 99K Y , if X satisfies the following conditions:
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(i) The graph G(ϕ) := {(x, y) ∈ X × Y : y ∈ ϕ(x)} of ϕ is an irreducible analytic subset in
X × Y ;
(ii) The projection map pX : G(ϕ)→ X is a proper modification.
A meromorphic map ϕ : X 99K Y of complex varieties is called a bimeromorphic map if pY :
G(ϕ)→ Y is also a proper modification.
If ϕ is a bimeromorphic map, the analytic set
{(y, x) ∈ Y ×X : (x, y) ∈ G(ϕ)} ⊆ Y ×X
defines a meromorphic map ϕ−1 : Y 99K X such that ϕ ◦ ϕ−1 = idY and ϕ−1 ◦ ϕ = idX .
Two complex varieties X and Y are called bimeromorphically equivalent (or bimeromorphic) if
there exists a bimeromorphic map ϕ : X 99K Y .
Obviously, the notion of bimeromorphic map is naturally valid for general complex spaces, cf.
[St, § 2 and 3] for example. More specially, see also the notions of rational and birational maps on
[GH, pp. 490-493] in the algebraic setting.
Then we need two more remarkable theorems.
Theorem 4.25 (Theorem A of Cartan, [Ho, Theorem 7.2.8]). Let Ω be a Stein manifold and F a
coherent analytic sheaf on Ω. For every z ∈ Ω, the Oz-module Fz is then generated by the germs
at z of the sections in Γ(Ω,F).
Theorem 4.26 (Remmert’s proper mapping theorem, [BS, Theorem 2.11 of Chapter III]). The
image of a closed analytic set by a proper morphism is a closed analytic set.
Finally, we will also be much concerned with questions of irreducibility and properness in the
second part of the proof for Theorem 4.27 on bimeromorphic embedding and refer the readers to
[GrR, § 1 and 2 of Chapter 9] for a nice introduction.
The principal result of this section is the following, to which we devote ourselves in most of the
remaining paper.
Theorem 4.27. Let B be an uncountable subset of ∆. Suppose that the fiber Xt := π
−1(t) is
Moishezon for each t ∈ B and each fiber Xt for t ∈ ∆ \B admits a strongly Gauduchon metric as
in Definition 4.18. Then we have the following.
(i) Any Xt for t ∈ ∆ is a Moishezon manifold (of dimension n).
(ii) There exists a global line bundle L˜ on X such that the restriction L˜|Xt is big for every t ∈ ∆
(L˜ is usually termed π-big). Moreover, over ∆, there exist a bimeromorphic map
Φ : X 99K Y,
where Y is a subvariety of PN ×∆ for some N ∈ N with every fiber Yt ⊂ PN × {t} being a
projective variety of dimension n, and also a proper analytic set Σ ⊂ ∆ such that Φ induces
a bimeromorphic map
Φ|Xt : Xt 99K Yt
for every t ∈ ∆ \Σ.
Proof. To start with, we will use Lemma 4.20 with the same notations therein. By the estimate
in (ii) of Lemma 4.20, we assume without loss of generality that h0(Xt, L|Xt) is nonzero for any
t of U and L is π-big on XU . Write W = ∆ \ U . Fix a point p of W with a small neighborhood
Vp. Since W is a proper analytic subset of ∆ which is a discrete subset of ∆, V
∗ := Vp \ {p} is
contained in U if Vp is small. Our first aim is to show that Xp is Moishezon for any such p 6∈ B.
Here we work over Vp and by restriction L is a line bundle on XV ∗ . Recall that π∗L is a coherent
analytic sheaf on V ∗. By h0(Xt, L|Xt) 6= 0 together with Theorem 2.6 and Lemma 4.9, we see that
π∗L is nontrivial and on an open subset V ∗1 ⊂ V ∗, π∗L is cohomologically flat (in dimension 0) in
the sense of Lemma 4.9, hence locally free. There exists a global section s of π∗L on V ∗ such that
s 6≡ 0 on V ∗1 by Theorem A of Cartan (= Theorem 4.25) since V ∗ is Stein.
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We are going to use the above s to construct a divisor. Since s(t) is identified with a section of
L|Xt for each t ∈ V ∗1 , we set Dt to be the divisor in Xt defined by the section s(t) if s(t) 6= 0. Thus,
we have a family of divisors {Dt}t∈V ∗
2
where V ∗2 ⊂ V ∗1 with the complement a discrete subset of
V ∗1 .
Let Tt be the dt-closed positive (1, 1)-current in Xt defined by the divisors Dt. Write ω for a
smooth 2-form on X in
H2dR(X,R) ∼= H2C(X,R) ∼= H2C(Xt,R),
where H•C(•,R) means the de Rham cohomology group in the sense of current and the second
isomorphism is induced by the embedding it : Xt → X. Choose now ω in the de Rham class c1(L)
so that as cohomology classes,
[ω]|Xt = [Tt]
and thus
ωt := i
∗
tω = Tt + dtβt
where βt is some real 1-form on Xt (in the sense of current). Hence, by the proof, notations of
Lemma 4.19 and the strongly Gauduchon condition here, the above boundedness of∫
Dt
gn−1t =
∫
Xt
Tt ∧ gn−1t
is equivalent to that of∫
Xt
∂tβ
0,1
t ∧ gn−1t = −
∫
Xt
β0,1t ∧ ∂¯tΩn,n−2t = −
∫
Xt
∂¯tβ
0,1
t ∧ Ωn,n−2t = −
∫
Xt
ω0,2t ∧Ωn,n−2t ,
where ω0,2t denotes the (0, 2)-part of ωt. Here the integration of ∂¯tβ
1,0
t ∧ gn−1t is the complex
conjugate of the above since gt, ωt and βt are real. Finally, the boundedness of
∫
Xt
ω0,2t ∧ Ωn,n−2t
follows from that ωt and Ωt depend smoothly on t. We conclude that the volume vol(Dt) is
uniformly bounded, hence that there exists a weakly convergent subsequence Ttk → Tp for some
tk → p, tk ∈ V ∗2 such that Tp is a closed, positive current of type (1, 1) and belongs to the same
class as c1(L).
The difficulty lies in that the total divisor D = ∪tDt is not known to be of bounded volume,
which renders the usual extension theorem of Bishop not applicable (cf. [S74, Theorem (2.14)] or
[Bi, Theorem 3]). Instead, we may use the convergence theorem of Bishop [Bi, Theorem 1] to find
a divisor Dp ⊂ Xp after a limiting process of Dt, which does imply that the family {Dt}t∈V ∗
2
is
relatively compact in the space of cycles in X in a suitable sense. Unfortunately, these limiting
divisors are not yet known to be linearly equivalent to one another, despite all being of the same
c1 as that of L. As such, they do not immediately lead to an extension of L across p. We shall
come to this again shortly.
Nevertheless, if for each pk ∈ V ∗, we use the current TFY,pk ∈ c1(L|Xpk ) constructed in Proposi-
tion 4.21 (the subscript FY may hint at Fujita-Yau), then by running through the same arguments
as above, one observes that {TFY,pk}pk∈V ∗ are also bounded in mass, hence that they give rise to
a weakly convergent subsequence TFY,pk → TFY for some pk → p. Alternatively, we consider the
Poincare´-Lelong equation (in the sense of current) (cf. [Dm10, (3.11)]):
√−1
2π
∂t∂¯t log ||s(t)||2ht = Tt − TFY,t
where ht is a singular Hermitian metric on L|Xt for TFY,t (see the proof of Proposition 4.21, the
second-to-last paragraph). Since∫
Xt
∂t∂¯t log ||s(t)||2ht ∧ gn−1t =
∫
Xt
log ||s(t)||2ht ∧ ∂t∂¯tgn−1t = 0
by the Gauduchon condition ∂t∂¯tg
n−1
t = 0 and since the volume vol(Dt) as
∫
Xt
Tt∧gn−1t is uniformly
bounded as just shown, we find that the mass
∫
Xt
TFY,t ∧ gn−1t is uniformly bounded too.
In what follows, we have here normalized the volume
∫
Xt
gnt = 1 for every t ∈ Vp.
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We are ready to finish the proof that Xp is Moishezon. The following arguments correspond to
those of Popovici in [P13, Step 2 on p. 527], so let’s just be brief. Let’s first note that the family
X → Vp can be equivalently described as (X,Jt)t∈Vp where X is a fixed differentiable manifold
with {Jt}t∈Vp a family of complex structures holomorphically varied in t. We will use this picture
in this paragraph without further notice. As the same arguments on [P13, p. 527], TFY is a closed
positive (1, 1)-current and lies in an integral class. We need the following semi-continuity property
given by [Bou, Proposition 2.1]. For almost every x ∈ Xp,
T nFY,ac(x) ≥ lim sup
k→∞
(TFY,pk)
n
ac(x).
By the criterion of [P08, Theorem 1.3] or Theorem 3.5, it comes down to showing that the RHS
above is bounded from below by δdVp(x) for some constant δ > 0 where dVp = g
n
p . This requirement
in our present situation can be fulfilled as an immediate consequence of Proposition 4.21 and (ii)
of Lemma 4.20. Namely, the uniform estimate in (ii) of Lemma 4.20 yields a δ > 0 such that the
volumes
v(L|Xpk ) > 2δ > 0
for all k, so applying Proposition 4.21, with a common ε = δ, to every L|Xpk does the job.
Remark 4.28. The existence of the uniform lower bound δ is crucial here and also distinguishes
our proof from [P13, Step 2 on p. 527] since 0 6∈ B¯ is allowed and then one is unable to take the
subsequence limit pk → p to obtain a uniform lower bound for the volumes v(L|Xpk ) as mentioned
in the paragraph preceding Question 1.5.
The first part of the theorem is proved. We turn now to the second half of the theorem.
Proof for (ii) of Theorem 4.27. Our proof is divided into four major steps.
Step (I). Global line bundle L and Kodaira map Φ
Since all fibers are now Moishezon by the first half of the theorem, it is well-known that the
deformation invariance of the Hodge number of all types holds for any such family, so that in
particular, h0,1(Xt) stays the same in t ∈ ∆. Our Proposition 4.14 applies. Jointly with Proposition
4.16 and Corollary 4.3, we have arrived at a global line bundle, denoted by L˜, on X such that L˜|Xt
is big for every t ∈ ∆; this is said to be π-big on X. Moreover, the uniform estimate similar to
(4.2) holds for L˜|Xt with every t ∈ ∆. The arguments in the beginning of this proof can now be
refined as follows.
Let’s denote the above L˜ by L if there is no danger of confusion. To proceed further, a difficulty
arises. On each fiber Xt, there is some qt ∈ N such that H0(Xt, L|⊗qtXt ) can induce a bimeromorphic
embedding of Xt; qt may depend on t, however. We do not know how to control it even though the
uniform estimate (4.2) holds here. Our methods of overcoming the difficulty consist in the study
of bimeromorphic geometry of X→ ∆ as a family; the complex analytic desingularization [AHV]
also plays a useful role in the process.
We can choose a point b ∈ ∆ such that for every q ∈ N, h0(Xt, L⊗q|Xt) is locally constant in
some neighborhood (dependent on q) of b. This is because for a given m ∈ N, the set of points in
∆ where h0(Xt, L
⊗m|Xt) fails to be locally constant, is at most countable (cf. Theorem 2.6). We
fix such a b ∈ ∆. For this fiber Xb at b, there exists a q˜ ∈ N such that the Kodaira map associated
with the complete linear system |L⊗q˜|Xb | gives a bimeromorphic embedding of Xb since L|Xb is
big. Now the preceding local invariance of h0(Xt, L
⊗q˜|Xt) at b yields that the natural map
(π∗L⊗q˜)b → H0(Xb, L⊗q˜|Xb)
is surjective; see Corollary 4.10. By Theorem A of Cartan (= Theorem 4.25), one can choose E
linearly spanned by
{s0, s1, s2, · · · , sN} ⊂ π∗L⊗q˜(∆)
whose germs generate (π∗L⊗q˜)b. To sum up, by the identification π∗L⊗q˜(∆) ∼= H0(X, L⊗q˜), the
Kodaira map associated with the above E, denoted by
Φ : X 99K PN ×∆ : x 7→ ([s0(x) : s1(x) : · · · : sN(x)], π(x)),
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is meromorphic on X and bimeromorphic onXb. Here as usual, the concept of meromorphic/bimeromorphic
maps is understood in the sense of Remmert; e.g. see Definition 4.24 for more. For this claim it
is stated in [Ue, Example 2.4.2, p. 15] for compact varieties. If the target is a projective space, it
is treated in [GH, pp. 490-493] or [S75]; a variant of which for our need is given as follows. Let i
denote the composite map
PN ×∆ ⊂ PN × P1 → P2N+1
where the second map is the Segre´ embedding
([x0 : x1 : · · · : xN ], [1 : t]) 7→ [x0 : x0t : x1 : x1t : · · · : xN : xN t]
(cf. [GH, p. 192]), and
i˜ : X× (PN ×∆)→ X× P2N+1 : (z1, z2) 7→ (z1, i(z2)).
Associated with the sections
{s0, s0t˜, s1, s1t˜, · · · , sN , sN t˜} ⊂ H0(X, L⊗q˜ ⊗OX π∗O∆)
where t˜ ∈ H0(X, π∗O∆) denotes π∗t, the composite map
Φ1 := i ◦ Φ : X 99K P2N+1
is a meromorphic map by [GH, pp. 490-492] so that with the graph G1 ⊂ X × P2N+1 of Φ1, one
expects
G := i˜−1(G1 ∩ i˜(X× (PN ×∆))) = i˜−1(G1) ⊂ X× (PN ×∆)
to serve as the graph of Φ. Indeed, this G is a complex space in X×(PN×∆). The other conditions
required for G as a graph variety of a meromorphic map in Definition 4.24 can also be verified via
G1. It follows that
Φ : X 99K PN ×∆
is a meromorphic map, as claimed.
Denote the respective projections by
q1 : G→ X
and
q2 := πPN×∆|G : G→ PN ×∆
where πPN×∆ : X× (PN ×∆)→ PN ×∆, and set
Y := q2(G) = Φ(X) ⊂ PN ×∆
(cf. [Ue, p. 14]). The projection πPN×∆ is not proper. But by Lemma 4.29 below, Y is a closed
subvariety of PN ×∆ and as such Y→ ∆ is proper;
Yt ⊂ PN × {t}
denotes the corresponding projective subvariety in Y seated at t. Since X is irreducible, so is G (cf.
[Ue, p. 13]), and Y = q2(G) is thus irreducible. Clearly Y is of dimension n+ 1.
Remark that some refinements of the above construction will be made in Step (III) for our need
in due course.
Some tools in what follows have counterparts in algebraic category, however we work mostly
within analytic category. The above Φ is actually a morphism outside a subvariety S(Φ) of codi-
mension at least two in X (cf. [Re57, the third paragraph on p. 333]), giving that for every t ∈ ∆,
Xt 6⊂ S(Φ) by dimension reason. Outside the analytic set St := S(Φ) ∩Xt of codimension at least
one in Xt, the restriction
Φt := Φ|Xt\St
is a morphism. By [St, pp. 35-36], Φt is still a meromorphic map on Xt. For later references, we
can do it in the following way. Recall that the projection
q1 : G(Φ) = G→ X
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from the graph of Φ, is a proper modification (cf. Definition 4.24) so that q−11 (Xt) ⊂ G is an
analytic subset of dimension n. Let C be the unique irreducible component of q−11 (Xt) which
contains the graph of Φ|Xt\St , so that C \ q−11 (St) ∼= Xt \ St biholomorphically and thus that
q1|C : C → Xt is a proper modification (cf. Definition 4.23). Moreover, as for any subset T ⊂ X,
q−11 (T ) = G ∩ (T × Y), one has C ⊂ q−11 (Xt) ⊂ Xt × Y hence that C induces a meromorphic map
φC : Xt 99K Y whose graph is precisely C, since a meromorphic map is uniquely determined by an
analytic subset M of X1 ×X2 with two complex spaces X1,X2 which satisfies the condition (M)
that the projection pX1 : M → X1 is a proper modification as argued on [Ue, p. 14]. Clearly φC
coincides with Φt on the open subset Xt \ St. Since φC is meromorphic, we now conclude that
Φt : Xt 99K Y is a meromorphic map, as claimed.
We denote by
Φ|Xt : Xt 99K Y
the meromorphic map associated with Φt as just shown. Since Φ|Xt is now meromorphic so that
Φ|Xt(Xt) is actually a closure of Φ|Xt(Xt \ St) ⊂ Yt in the analytic set Yt ([GH, p. 493]), we see
that Φ|Xt(Xt) ⊂ Yt for every t ∈ ∆. However, it is not claimed that this closure Φ|Xt(Xt) equals
Yt. On the other hand, we will see in Step (IV) that with Φ in place of Φ|Xt , Φ(Xt) = Yt for every
t ∈ ∆.
We shall now see that Yt is of dimension n for every t ∈ ∆. First note that, if |b′ − b| ≪ 1,
dΦ|Xb′ is of rank n at generic point of Xb′ since it is so for Xb, hence that dimYb = dimYb′ = n.
In the algebraic setting, applying the upper semi-continuity of dimension (cf. [M, Corollary 3 in
Section 8 of Chapter 1]), one is allowed to conclude that Yt is of dimension n. Alternatively, an
approach suitable in our analytic setting is described as follows. Let
{Hi}1≤i≤n ⊂ PN
be any hyperplane sections and
H˜i := Hi ×∆.
The closed subvariety H˜1 ∩ H˜2 ∩ · · · ∩ H˜n ∩ Y is projected, via Y ⊂ PN × ∆ → ∆, down to a
subvariety W1 ⊂ ∆ by Remmert’s proper mapping theorem in complex spaces (= Theorem 4.26),
which is therefore the whole ∆, as follows from the fact that W1 must contain a small open subset
of ∆ by dimYb′ = n. If dimYt0 < n for some t0 ∈ ∆, by choosing Hi in general positions such that
H1 ∩H2 ∩ · · · ∩Hn ∩ Yt0 = ∅
with Yt0 ⊂ PN via identification PN ∼= PN × {t0}, then with these Hi, H˜1 ∩ H˜2 ∩ · · · ∩ H˜n ∩ Y is
projected, via Y → ∆, to a subset of ∆ missing t0, contradicting the preceding W1 = ∆. Hence
dimYt ≥ n for every t ∈ ∆ so that dimYt = n since if dimYt1 ≥ n + 1 for some t1 ∈ ∆, it
contradicts that Y is irreducible and of dimension n+ 1 as already indicated.
The following lemma has been used in the first half of this step:
Lemma 4.29. With the notations as above, the projection morphism
q2 : G (⊂ X× (PN ×∆))→ PN ×∆
is proper. As a consequence, q2(G) is an analytic subvariety of PN ×∆.
Proof. Since Φ : X 99K PN × ∆ is a meromorphic map, q1 : G → X is a proper modification by
Definition 4.24 and thus there exist two respective open dense subsets
U ⊂ G and V ⊂ X,
which are biholomorphically equivalent under q1|U : U → V = q1(U), such that Φ is a morphism on
V and U = {(x,Φ(x))}x∈V (cf. [Ue, the remarks preceding Remark 2.3, p. 14]). Let W2 ⊂ PN ×∆
be a compact subset. To prove by contradiction, suppose that q−12 (W2) ⊂ G is not compact. Set
the projections
π : X→ ∆ and πPN×∆ : PN ×∆→ ∆.
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Then under the projection q1 : G → X, q1(q−12 (W2)) is closed but not compact since q1 is proper.
This means, since π : X → ∆ is proper, that there exists a sequence tk ∈ ∆ with tk → ∂∆ and
{tk}k ⊂ π(q1(q−12 (W2))). We first show that
Φ(Xt) ⊂ PNt := π−1PN×∆(t)
for every t ∈ ∆. See another more systematic approach in Step (IV) for this “ ⊂ ” again and the
related issues.
As Φ(T ) = ∪x∈TΦ(x) for a set T ⊂ X, we need to show that Φ(x) ∈ PNt if x ∈ Xt. For any
(x, y) ∈ q−11 (x) ⊂ G, there exists a sequence (xj , yj) ∈ U ⊂ G, (xj, yj)→ (x, y) (by that U is dense)
with xj ∈ V = q1(U) and yj = Φ(xj). Thus,
lim
j
xj = lim
j
q1(xj, yj)→ q1(x, y) = x.
By definition Φ(x) = q2(q
−1
1 (x)) as in the first paragraph on [Ue, p. 14], we have just seen that
any point y ∈ Φ(x) = q2(q−11 (x)) is a limit point of the form Φ(xj) = yj for some sequence
xj → x in X with xj ∈ V . In this case, since xj 6∈ S(Φ), i.e., Φ is a morphism at xj , one has
π(xj) = πPN×∆Φ(xj) by construction of Φ, which is πPN×∆(yj). Write π(xj) = πPN×∆(yj) = tj .
So yj ∈ PNtj and if x ∈ Xt, then tj → t since π(xj) → π(x). In short, for any x ∈ Xt and any
y ∈ Φ(x), y = limj yj ∈ limj PNtj which is PNt as tj → t. That is Φ(Xt) ⊂ PNt for every t ∈ ∆, as
claimed.
The remaining is standard. Corresponding to every tk ∈ {tk}k above, there is a
(xk, yk) ∈ q−12 (W2) ⊂ G
with tk = π(q1(xk, yk)) = π(xk) so xk ∈ Xtk . By yk ∈ Φ(xk),
πPN×∆(yk) ∈ πPN×∆(Φ(xk)) ∈ πPN×∆(PNtk) = tk
by xk ∈ Xtk and Φ(Xtk) ⊂ PNtk above. In short, πPN×∆(yk) = tk. By yk = q2(xk, yk) and
q2(xk, yk) ∈ W2, πPN×∆(yk) ∈ πPN×∆(W2) which is a compact subset in ∆ since W2 ⊂ PN × ∆
is compact by assumption. This contradicts πPN×∆(W2) ∋ πPN×∆(yk) = tk → ∂∆. As said, the
contradiction yields that q2 : G→ PN ×∆ is a proper morphism.
The second statement of the lemma follows from Remmert’s proper mapping theorem (cf. [GH,
p. 395] or Theorem 4.26). 
Remark 4.30. In fact, the above proof works for the following situation. Let πZ1 : Z1 → ∆ and
πZ2 : Z2 → ∆ be proper morphisms where Z1, Z2 be irreducible (and reduced) complex spaces.
Suppose that ψ : Z1 99K Z2 is a meromorphic map (in the sense of Remmert) with G(ψ) ⊂ Z1×Z2
the irreducible subvariety of the graph of ψ. Let ∅ 6= U ⊂ Z1 be an open dense subset such that ψ
is a morphism on U . Suppose furthermore that πZ1 |U = πZ2 ◦ψ|U . Then the projection morphism
G(ψ)→ Z2 is proper.
The remaining proof is devoted to the bimeromorphic problem of Φ and Φ|Xt .
Step (II). Bimeromorphic embedding of Φ
We shall use the notations
Φ : X 99K PN ×∆ and Φ : X 99K Y = Φ(X)
interchangeably. Let’s start with a desingularization RY : Y˜ → Y; it can be chosen as a proper
modification. For a review, see [Ue, Theorem 2.12] for compact cases and [Pe, Theorem 7.13] or
[AHV, Theorem 5.4.2, p. 271] for general cases. Note that if h is a proper modification between
complex spaces, then h−1 is still a meromorphic map [St, p. 34] and hence h is a bimeromorphism
[St, p. 33]. Write
Ψ := R−1
Y
◦ Φ : X 99K Y˜,
which is still meromorphic (cf. [Ue, pp. 16-17]). In algebraic cases, if g : X → Y with Y irreducible
is a generically finite morphism such that g(X) is dense in Y or equivalently g is dominant, then
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there exists an open dense subset U ⊆ Y such that the induced morphism g−1(U) → U is a
finite morphism (e.g. [Ha, Exercise 3.7 of Chapter II]). If g is only a generically finite dominant
rational map, by going to its graph and restricting to the open dense subset V ⊂ X which is the
complement of the indeterminacies of g, one is reduced to the morphism case and there is a similar
conclusion.
Analytically, let’s adopt a similar strategy here. Write S(Ψ) for the indeterminacies of Ψ, which
is of codimension at least two in X ([Re57, the third paragraph on p. 333]). Since X and Y˜ are
smooth and of the same dimension, the ramification divisor RΨ ⊂ X is well-defined. Namely, it is
first defined outside S(Ψ) and then extends across it since dimRΨ > dim S(Ψ) by Remmert-Stein
extension theorem, cf. [Bi, p. 293]. Let
G(Ψ) ⊂ X× Y˜
denote the graph of Ψ with the projections
pX : G(Ψ)→ X and pY˜ : G(Ψ)→ Y˜,
respectively. Having proved Lemma 4.31 below that p
Y˜
: G(Ψ)→ Y˜ is proper, one knows that the
image of an analytic set under p
Y˜
is still analytic by the proper mapping theorem of Remmert (=
Theorem 4.26).
Set
Ψ(S(Ψ)) := p
Y˜
(p−1
X
(S(Ψ)))
which is a proper analytic subvariety of Y˜ and similarly the subvariety
Ψ−1(Ψ(S(Ψ))) := pX(p−1
Y˜
(Ψ(S(Ψ)))) ⊂ X;
also subvarieties Ψ(RΨ), Ψ
−1(Ψ(RΨ)). Write
Ψ′ : X \ (Ψ−1(Ψ(S(Ψ))) ∪Ψ−1(Ψ(RΨ))) =: X′ → Y˜′ := Y˜ \ (Ψ(S(Ψ)) ∪Ψ(RΨ))
and Ψ′t for its restriction to (an open part of) Xt, more precisely to X ′t := Xt ∩X′ with images in
Y˜ ′t := Y˜t ∩ Y˜′ for those X ′t 6= ∅. Here Y˜t := π−1Y˜ (t), where
π
Y˜
: Y˜→ ∆
is the projection via Y˜ → Y → ∆. By construction Ψ′ is a surjective morphism and since dΨ′
is now of maximal rank everywhere, Ψ′ is a local biholomorphism. The X′ and Y˜′ can possibly
be enlarged. Suppose that x ∈ X \ S(Ψ) and Ψ is a local biholomorphism between the open
neighborhoods Hx ∋ x and KΨ(x) ∋ Ψ(x). Then Ψ|X′∪Hx : X′ ∪Hx → Y˜′ ∪KΨ(x) is still surjective
and a local biholomorphism. By enlarging X′ and Y˜′ this way, we can assume that if Ψ is a local
biholomorphism at x′, then x′ ∈ X′ and Ψ(x′) ∈ Y˜′. Here, X′ ⊂ X and Y˜′ ⊂ Y˜ are connected open
dense subsets in the sense of ordinary complex topology.
We would like to show that Ψ′ is a finite morphism. First note that since Ψ′ is a morphism and
surjective,
Ψ′(X ′t) = Y˜
′
t = Ψ
′
t(X
′
t) and Ψ
′−1(Y˜ ′t ) = X
′
t = Ψ
′−1
t (Y˜
′
t ).
It follows that, if Ψ′−1(Ψ′(x′)) is infinite for some x′ ∈ X′ with yτ = Ψ′(x′) ∈ Y˜ ′τ ⊂ Y˜′, then
Ψ′τ
−1(yτ ) = Ψ′−1(yτ ) ⊂ Xτ is also infinite. This cannot occur. We shall now see that
Ψ|Xτ : Xτ → Ψ|Xτ (Xτ ) ⊂ Y˜τ
is generically finite, and that, with Ψ′τ defined on X ′τ := Xτ ∩ X′,
C := Ψ′τ
−1
(Ψ′τ (x
′
τ ))
is necessarily finite if x′τ ∈ X ′τ . Here Ψ|Xτ is a meromorphic map by the same reasoning that Φ|Xt
is meromorphic for every t ∈ ∆, in Step (I). This will prove our claim that Ψ′ is a finite morphism.
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To work on the meromorphic map Ψ|Xτ : Xτ 99K Ψ|Xτ (Xτ ) above, we consider the meromorphic
map
Ψ̂|Xτ := p−12 ◦Ψ|Xτ ◦ p1 : Xˆτ 99K Zˆτ ,
where
p1 : Xˆτ → Xτ and p2 : Zˆτ → Ψ|Xτ (Xτ )
are proper modifications from projective manifolds Xˆτ and Zˆτ , respectively. Here Ψ|Xτ (Xτ ) is
a Moishezon manifold by [CaP, Corollary 2.24]. Now that Ψ̂|Xτ is generically finite, as well-
known since Ψ̂|Xτ is an algebraic (rational) map and is generically of maximal rank, one has that
Ψ|Xτ = p2 ◦ Ψ̂|Xτ ◦ p−11 is also generically finite. To verify that C(= Ψ′τ−1(Ψ′τ (x′τ ))) is finite,
suppose otherwise that C is infinite. We can assume, by further monoidal transformations of Xˆτ ,
that Ψ̂|Xτ : Xˆτ → Zˆτ is actually a morphism. By commutativity Ψ′τ ◦p1 = p2◦Ψ̂|Xτ where defined,
thus
Ψ̂|Xτ
−1
(p−12 (K)) ⊃ p−11 (Ψ′τ−1(K))
for any set K ⊂ Ψ|Xτ (Xτ ), one sees that
p−11 (C) ⊂ Ψ̂|Xτ
−1
(p−12 (Ψ
′
τ (x
′
τ ))) =: Cˆ
with Cˆ being an analytic set in Xˆτ . Since Cˆ ⊂ Xˆτ has only finitely many irreducible components,
there must exist an irreducible component J ⊂ Xˆτ of Cˆ such that p1(J) ∩ C is infinite. The fact
|p1(J)| =∞ implies that the irreducible analytic set p1(J) in Xτ must be of dimension at least one
since Xτ is compact. Recall X
′
τ and Ψ
′
τ above. This p1(J) ∩ X ′τ ⊃ p1(J) ∩ C, a nontrivial open
subset of p1(J), is also of dimension at least one since p1(J) is irreducible. By the commutativity
Ψ′τ ◦ p1 = p2 ◦ Ψ̂|Xτ ,
Ψ′τ (p1(J) ∩X ′τ ) ⊂ p2(Ψ̂|Xτ (J)) ⊂ p2(Ψ̂|Xτ (Cˆ)) ⊂ p2(p−12 (Ψ′τ (x′τ ))) = Ψ′τ (x′τ ),
i.e., p1(J)∩X ′τ ⊂ Ψ′τ−1(Ψ′τ (x′τ )) = C which by dim(p1(J)∩X ′τ ) ≥ 1, gives that C ⊂ X ′τ , must also
be of dimension at least one. The facts that Ψ′τ (C) is a point and dimC ≥ 1 contradict that Ψ′τ
on X ′τ is a local biholomorphism. As said, this contradiction proves that Ψ′ : X′ → Y˜′ is a finite
morphism.
Given that Ψ′ : X′ → Y˜′ is finite, let’s recall that in algebraic cases, a finite surjective morphism
between nonsingular varieties over algebraically closed field is flat (cf. [Ha, Exercise 9.3 of Chapter
III]) and a finite flat morphism g : X → Y with Y Noetherian gives that g∗OX is a locally free
OY -module (cf. [M, Proposition 2 in Section 10 of Chapter 3]). Applying these algebraic facts to
Ψ′, one sees that Ψ′∗OX′ is locally free, say, of rank r on Y˜′. The local freeness of Ψ′∗OX′ yields that
the cardinality (= r) of Ψ′−1(y) is independent of y ∈ Y˜′.
We shall now prove a similar result as above in the present analytic setting. This is standard
in covering spaces of topology. For notations and references in the later use, we give some details.
Let x′0 ∈ X ′t0 and x′ ∈ X′ be any point nearby x′0. Connecting the two points Ψ′(x′0) = y′0 and
Ψ′(x′) = y′ by an analytic curve Cˇ ⊂ Y′, one has that C˜ := Ψ′−1(Cˇ) is an analytic set with each
irreducible component C˜i, 1 ≤ i ≤ k, being of dimension one and Ψ′(C˜i) = Cˇ since Ψ′ is finite
surjection as remarked above. Further, these components are pairwise disjoint. For, if c ∈ C˜i ∩ C˜j
with C˜i 6= C˜j, then Ψ′ would be seen to be at least “two-to-one” around c, violating the fact
that Ψ′ is a local biholomorphism everywhere, as mentioned earlier. This property of disjointness
leads us to arrive at the fact that each point in Ψ′−1(y′0) is joined by a unique C˜i to a point in
Ψ′−1(y′) and vice versa, so that Ψ′−1(y′0) and Ψ
′−1(y′) are of the same cardinality (= k). If the two
points x′0, x
′ ∈ X′ are not close to each other, the same result remains valid since X′ is connected.
We conclude that, if with some t0 it holds that Ψ
′
t0
is injective, then Ψ′ is injective too since
Ψ′t0
−1(Y˜ ′t0) = Ψ
′−1(Y˜ ′t0) as previously given.
We are going to show that Ψ′ is a biholomorphism. The surjection part is noted earlier; the
injection part is to see that X ′b := Xb ∩ X′ 6= ∅. Recall that Φ|Xb is bimeromorphic by the
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assumption on Xb, hence that when X
′
b 6= ∅, Ψ′b is injective, giving that Ψ′ is injective by the
preceding paragraph. Fix a xb ∈ Xb such that Φ|Xb is a morphism at xb and that d(Φ|Xb)(xb) is of
rank n. We see that dΦ is always nonsingular along the t-direction, hence that dΦ(xb) is of rank
n+1. So Φ : X→ Y is a local immersion at xb; it is a local biholomorphism at xb provided that Y
is smooth at Φ(xb). To facilitate our discussion, we make the claim that
Y is smooth at Φ(xb), and thus Φ : X→ Y is a local biholomorphism at xb.
We come for a complete discussion of this claim in Step (III).
It is a remarkable fact that the desingularization RY : Y˜→ Y can be chosen in such a way that
it is an isomorphism away from the singular points of Y ([AHV, Theorem 5.4.2, p. 271]). Let’s
choose such a desingularization in advance. It follows that R−1
Y
is a local biholomorphism at Φ(xb)
since Y is assumed smooth there. So Ψ = R−1
Y
◦Φ is a local biholomorphism at xb and thus xb ∈ X′
by construction of X′, giving xb ∈ X ′b so X ′b 6= ∅. As remarked earlier, X ′b 6= ∅ implies that Ψ′ is
injective and, in turn, that Ψ′ is a biholomorphism.
Now since Ψ′ is proved to be biholomorphic, with the fact that Ψ is meromorphic, we see that
Ψ is a bimeromorphic map. For, the set
Ĝ(Ψ) := {(y, x) ∈ Y˜× X : (x, y) ∈ G(Ψ)}
is irreducible and analytic since G(Ψ) is so. The projection morphism
pˆ
Y˜
: Ĝ(Ψ)→ Y˜
is proper as shown in Lemma 4.31, and since Ψ′ is biholomorphic and then pˆ
Y˜
induces
G(Ψ′−1) ∼= Y˜′ ⊂ Y˜,
where G(Ψ′−1) ⊂ Ĝ(Ψ) is open and dense, pˆ
Y˜
is thus a proper modification. It follows from
Definition 4.23, with the fact that pˆ
Y˜
is a proper modification, that Ψ−1 : Y˜ 99K X is a meromorphic
map by Definition 4.24 and hence a bimeromorphic map since Ψ◦Ψ−1 = id
Y˜
and Ψ−1◦Ψ = idX (or
see [St, p. 33]). Having that Ψ : X 99K Y˜ is a bimeromorphic map, we now know that Φ = RY ◦Ψ
is a bimeromorphic map since the composite of two bimeromorphic maps remains meromorphic
hence bimeromorphic (cf. [Ue, pp. 16-17] or [St, 2) of Proposition 9]), as claimed in the second
part of the theorem.
Lemma 4.31. The map p
Y˜
: G(Ψ)→ Y˜ is proper.
Proof. This is equivalent to that pˆ
Y˜
: Ĝ(Ψ)→ Y˜ is proper in the preceding paragraph. To justify our
assertion above that pˆ
Y˜
is proper, noting that the spaces under consideration are not compact and
the target space Y˜may be more general than those in Step (I), one uses Remark 4.30. Alternatively,
let’s indicate arguments while dropping most details. Let W3 ⊂ Y˜ be a compact set and suppose
that pˆ−1
Y˜
(W3) ⊂ Ĝ(Ψ) is not compact. Then under the projection pˆX : Ĝ(Ψ) → X, pˆX(pˆ−1
Y˜
(W3))
is closed but not compact, so that there exists a sequence tk ∈ ∆ with tk → ∂∆ and {tk}k ⊂
π(pˆX(pˆ
−1
Y˜
(W3))). As in Lemma 4.29, to show that for every t ∈ ∆
Ψ(Xt) ⊂ Y˜t = π−1
Y˜
(t),
where π
Y˜
: Y˜→ ∆ is the projection via Y˜→ Y→ ∆, we are reduced to showing that Ψ(x) ∈ Y˜t =
π−1
Y˜
(t) if x ∈ Xt. Now that pˆX : Ĝ(Ψ)→ X being a modification, is a biholomorphism between the
dense and open subsets U , V of G, X, respectively, with V ∩ S(Ψ) = ∅, i.e., Ψ being a morphism
on V and U = {(Ψ(x), x)}x∈V . In the remaining part, with Y˜t in place of PNt in Lemma 4.29, by
exactly the same arguments one can show that any (y, x) ∈ pˆ−1
X
(x) ⊂ Ĝ(Ψ) can be approached by a
sequence (yj , xj) ∈ U with xj ∈ V and yj = Ψ(xj), in such a way that y = limj yj ∈ limj Y˜tj ⊂ Y˜t.
It implies the similar conclusion Ψ(Xt) ⊂ Y˜t for every t ∈ ∆. As in Lemma 4.29, corresponding to
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every tk given above, there is a (yk, xk) ∈ pˆ−1
Y˜
(W3) ⊂ Ĝ(Ψ) with tk = π(pˆX(yk, xk)) = π(xk), i.e.,
xk ∈ Xtk , such that πY˜(W3) ∋ πY˜(yk) = tk → ∂∆, contradicting that W3 is compact. 
As promised, let’s treat the smoothness issue above before moving forwards.
Step (III). Smoothness of Y at Φ(xb)
Since xb ∈ Xb, the idea is to refine the process of choosing b ∈ ∆ in Step (I) in such a way that
Φ(Xb) is not entirely contained in the set of singular points of Y. If so, it follows by an analogous
procedure as before that, one can choose xb ∈ Xb such that Y is smooth at Φ(xb), as desired. This
refinement is as follows.
Again, we start with a global line bundle L on X which is π-big; it follows that H0(Xt, L
⊗q(t)|Xt)
gives a bimeromorphic embedding of Xt, for every t ∈ ∆ together with a choice of q(t) ∈ N that
depends on t. Note that if
E := {e1, e2, · · · , ek} ⊂ H0(Xt, L⊗q(t)|Xt)
contains a basis, then the Kodaira map associated with E is still a bimeromorphic map on Xt.
The set ∆ is uncountable while N is countable; we easily infer that there exists an uncountable
set Λ ⊂ ∆ and some q ∈ N such that q(t) = q for each t ∈ Λ. With this given q, h0(Xt, L⊗q|Xt)
is locally constant outside a proper analytic set W4 ⊂ ∆ as seen by using Theorem 2.6 or by [Ue,
3) of Theorem 1.4, p. 6] which, via (iv) of Lemma 4.7 and Corollary 4.8, gives in Corollary 4.9
the cohomological flatness of L⊗q in dimension 0 over ∆ \W4. By reducing Λ while maintaining
uncountability, we can assume that Λ ⊂ ∆ \ W4 since W4 in this case can only be a discrete
subset of ∆. We can further reduce Λ and assume that Λ is relatively compact in ∆ \W4 (so that
Λ¯ ⊂ ∆ \W4) since with Λ = ∪i(Λ ∩ Oi) for a covering of ∆ \W4 by countably many open and
relatively compact subsets Oi, Λ∩Oi0 must be uncountable for some i0. Also, one sees that there
exists a z ∈ ∆ \W4 such that for any neighborhood U ∋ z, U ∩ Λ remains uncountable. For, by a
similar argument as above working on Oi0 there exist
Oi0 = O
′
1 ⊃ O′2 ⊃ O′3 ⊃ · · ·
such that Λ∩O′k is uncountable for each k = 1, 2, · · · , and O′k converges to some z ∈ O¯i0 ⊂ ∆\W4.
Having the above uncountable subset Λ, we are ready to reconstruct the Kodaira map Φ. As in
Step (I), by Theorem A of Cartan (= Theorem 4.25) we can choose a set T linearly spanned by
sections
{s0, s1, · · · , sN} ⊂ π∗L⊗q(∆)
such that the germs (s0)z, (s1)z, · · · , (sN )z at z generate the stalk (π∗L⊗q)z, hence that they
generate (π∗L⊗q)w for every w in a neighborhood U of z as a property from the coherent sheaves
(cf. [Ho, Lemma 7.1.3]). We denote by ΦT the Kodaira map associated with T. As said, Λ ∩ N
is uncountable for any neighborhood N ∋ z, so ΛU := Λ ∩ U remains uncountable. By the
cohomological flatness above, the natural map
λ := λw : (π∗L⊗q)w → H0(Xw, L⊗q|Xw)
is surjective for every w ∈ U \W4 6= ∅. This, together with our preceding construction, yields that
ΦT, when restricted to Xt, induces a bimeromorphic embedding of Xt for every t ∈ ΛU ⊂ U \W4.
Here, the images {λ(s0), λ(s1), · · · , λ(sN )} ⊂ H0(Xt, L⊗q|Xt) may not be linearly independent,
nevertheless they give a bimeromorphic embedding on Xt as already remarked.
We denote by YT the image ΦT(X). Write
S = Sh ∪ Sv
for the set of singular points of YT, where the vertical part Sv consists of those (irreducible)
components of S that are mapped to points in ∆ via pYT : YT → ∆. Set
Ξ := pYT(Sv) ⊂ ∆.
There are only countably many components in Sv, say, by Remmert’s proper mapping theorem (=
Theorem 4.26) so that Ξ is discrete, and by that every fiber Xt is compact. The components in
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Sv are fiberwise separated away from one another as Ξ is discrete. Since Ξ is countable and ΛU
is uncountable (or Ξ is discrete and ΛU is not discrete), ΛU \ Ξ 6= ∅. Now pick some o ∈ ΛU \ Ξ.
This means that the ΦT-image of Xo is not contained in Sv and in turn, neither in singularities
S of YT. The smoothness in the beginning is proved, so long as with the choice of sections E in
Step (I) changed to T, the Xb, Φ (= ΦE), Y (= YE) etc. in Step (I) are replaced by Xo, ΦT, YT
throughout. Of course, with these Xo, ΦT, YT the reasoning for Step (II) remains unaltered. This
completes our Step (III).
We are left with the bimeromorphic problem of Φ|Xt . Henceforth, we drop the subscript T in
ΦT, YT, etc.
Step (IV). Bimeromorphic embedding of Φ|Xt
Since Φ is bimeromorphic as just shown, Φ induces a biholomorphism
Φˆ : X \ S1 ∼= Y \ S2
with some proper subvarieties S1, S2 of X, Y, respectively. Writing S
′
1 ⊂ S1 for the union of vertical
divisors, namely the divisors in S1 which are mapped to a point of ∆, and ∆δ for π(S
′
1), we see that
∆δ is a proper analytic subset of ∆ by the proper mapping theorem of Remmert (= Theorem 4.26)
since S′1 6= X. For every t ∈ ∆ \∆δ, Xt \ S1 is thus a nontrivial open subset of Xt by dimension
reason, and Φ|Xt\S1 = Φˆ|Xt\S1 is a biholomorphism in view that Φˆ is so. As Φ|Xt : Xt 99K Yt
exists as a meromorphic map for every t ∈ ∆ as shown in Step (I), we conclude the following. In
an easier way similar to the bimeromorphism of Ψ in Step (II) due to the compactness of Xt and
Yt, Φ|Xt : Xt 99K Φ|Xt(Xt) is a bimeromorphism for every t ∈ ∆ \∆δ, and Φ|Xt : Xt 99K Yt is a
bimeromorphic map for any t ∈ ∆ \∆δ such that Yt is irreducible (see [Ue, pp. 17, 13]). In the
following we shall work on this irreducibility problem of Yt.
Let’s first see some connections of the irreducibility of Yt with the indeterminacies S(Φ) of Φ.
Write
Yt = Φ|Xt(Xt) ∪ Y ′t
where Φ|Xt is meromorphic on Xt as seen in Step (I), and Y ′t is the union of the remaining
components in Yt. A word of caution is in order. That is, Φ(Xt) and Φ|Xt(Xt) may be different
([Ue, p. 17]). We shall now see that Y ′t ⊂ Φ(S(Φ)). Suppose that there exists pt ∈ Y ′t \ Φ|Xt(Xt)
such that pt = Φ(qt′) for some qt′ ∈ X at which Φ is a morphism. Then t′ 6= t. For, if t′ = t,
then Φ|Xt is also a morphism at qt′ = qt so that pt = Φ(qt) = Φ|Xt(qt) ∈ Φ|Xt(Xt), contradicting
pt 6∈ Φ|Xt(Xt). But if t′ 6= t and Φ is a morphism at qt′ , then pt = Φ(qt′) ∈ Yt′ , again a contradiction
since Yt ∩ Yt′ = ∅ if t 6= t′. To sum up, it is now
(Y ′t \Φ|Xt(Xt)) ∩Φ(X \ S(Φ)) = ∅
so that we must have Y ′t ⊂ Φ(S(Φ)) since Φ(X) = Y. In the case where Y ′t = ∅,
Yt = Φ|Xt(Xt) ∪ Y ′t = Φ|Xt(Xt)
so that Yt is irreducible since Xt is so. The latter assertion is standard. For, the graph G(Φ|Xt) is
irreducible, so by the above that Yt = Φ|Xt(Xt), equivalently, that the projection G(Φ|Xt)→ Yt is
surjective ([Ue, p. 16]), Yt is irreducible.
It seems of interest to decide what parts of S(Φ) ⊂ X are carried by Φ to Y ′t above. We hope
to discuss this elsewhere. In what follows, we take another approach to the above irreducibility
problem of Yt.
For use shortly, some preparations are in order. Let G˜ be a desingularization of the graph
G(Φ) = G with G˜→ G being proper (cf. the beginning remarks in Step (II)), and the projections
p˜X, p˜Y
the composites of morphisms G˜→ G→ X, G˜→ G→ Y, respectively. Set
π : X→ ∆ and πY : Y→ ∆
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as the standard projections. There exists a proper analytic subset ∆s ⊂ ∆ such that the fiber
G˜t := (π ◦ p˜X)−1(t) is smooth for every t 6∈ ∆s ([Ue, p. 8]).
We claim that G˜t, hence Gt, is connected for every t ∈ ∆. By construction p˜X : G˜ → X is a
proper modification ([Ue, pp. 22, 13]) so that (p˜X)∗OG˜ = OX ([Ue, Corollary 1.14]). We arrive
at π∗((p˜X)∗OG˜) = O∆ since every fiber of π : X → ∆ is connected so that π∗OX = O∆ ([Ue,
Proposition 1.13]). The fact that (π ◦ p˜X)∗OG˜ = O∆ allows us to conclude that G˜t is connected for
every t ∈ ∆. This assertion in the algebraic setting, is standard (cf. [Ha, Corollary 11.3]); in the
analytic setting here, one can find a proof in [BS, the paragraph above Corollary 2.13 on p. 111].
With the connectedness of G˜t, we are going to show that Φ(Xt) = Yt for every t ∈ ∆, as claimed
in the second half of Step (I).
Our proof of Φ(Xt) = Yt uses again the desingularization G˜. First note the following. Let
ϕ : U 99K V be a meromorphic map between complex spaces. Assume that q1 : U1 → U and
q2 : U2 → U1 are proper modifications such that h1 := ϕ ◦ q1 and h2 := ϕ ◦ q1 ◦ q2 are morphisms.
Let F ⊂ U be a subset and write B1 = h1(q−11 (F )), B2 = h2((q1 ◦ q2)−1(F )) as subsets of V . Then
B1 = B2. For, h2 = h1 ◦ q2 so that
B2 = (h1 ◦ q2)((q1 ◦ q2)−1(F )) = h1(q−11 (F )) = B1
as claimed.
Due to this, the original definition of Φ(Xt) using G ([Ue, p. 14]) can now be rewritten as
Φ(Xt) = p˜Y(p˜
−1
X
(Xt)) by using G˜ if one sets F = Xt and U = X, V = Y, ϕ = Φ, U1 = G, U2 = G˜ in
the above. Now one sees that Φ(Xt) = p˜Y(p˜
−1
X
(Xt)) is a compact analytic subset of Y. For, p˜X is
proper so that p˜−1
X
(Xt) is compact, hence p˜Y(p˜
−1
X
(Xt)) is compact. Further, the restriction of p˜Y
to the compact subset p˜−1
X
(Xt) is necessarily proper, regardless of whether the entire p˜Y is proper.
(The entire projection p˜Y : G˜ → Y is actually proper by the arguments similar to Lemma 4.29 in
Step (I); see Remark 4.30. But we do not need this here.) By Remmert’s proper mapping theorem
(= Theorem 4.26) applied to p˜Y|p˜−1
X
(Xt)
, its image is an analytic set. Hence Φ(Xt) is analytic and
compact, as claimed.
As πY : Y→ ∆ is proper, πY(Φ(Xt)) is also a compact analytic set in ∆. Observe that p˜−1X (Xt) =
G˜t so that Φ(Xt) = p˜Y(G˜t), and p˜Y(G˜t) is thus connected since G˜t is so for every t ∈ ∆, as given
in the preceding paragraph. In short, πY(Φ(Xt)) is a connected compact analytic set in ∆, thus it
can only be a single point θ ∈ ∆. As noted in Step (I), Xt 6⊂ S(Φ) so that πY(Φ(x)) = t for x ∈ Xt
at which Φ is a morphism. We conclude that the single point πY(Φ(Xt)) = θ equals t, equivalently
Φ(Xt) ⊂ Yt for every t ∈ ∆.
By combining Φ(X) = Y ([Ue, pp. 14, 16]) and Φ(X) = ∪t∈∆Φ(Xt) as seen from their definitions
([Ue, p. 14]), one sees that the above inclusion “ ⊂ ” is necessarily an equality, that is
Φ(Xt) = Yt, for every t ∈ ∆,
as to be proved. However, as it was hinted in the second half of Step (I), this is not equivalent to
claiming that Φ|Xt(Xt) = Yt for every t ∈ ∆.
Remark that the above proof does not use the fact that Φ is generically one to one or Φˆ is
biholomorphic; it is valid generally but we omit the precise formulation.
We are ready to finish the proof for the bimeromorphic property of Φ|Xt . Recall that in the
preceding paragraphs, G˜t is smooth for every t ∈ ∆ \ ∆s and is connected for every t ∈ ∆. In
particular, G˜t is irreducible for every t outside ∆s. Recalling the above that Φ(Xt) = Yt for every
t ∈ ∆ and that Φ(Xt) = p˜Y(G˜t), which is now seen to be irreducible since G˜t is (for t 6∈ ∆s), one
obtains that Yt is irreducible for t ∈ ∆ \ ∆s. Also recall in the beginning of this step that for
every t ∈ ∆ \∆δ, Φ|Xt : Xt 99K Φ|Xt(Xt) is a bimeromorphism, and that Φ|Xt : Xt 99K Yt is also
bimeromorphic provided that Yt is irreducible. We have now established that
Φ|Xt : Xt 99K Yt
32 SHENG RAO AND I-HSUN TSAI
is a bimeromorphism for every t ∈ ∆ \ (∆δ ∪∆s) where ∆δ ∪∆s is an analytic subset of ∆. This
completes Step (IV) and also the proof for the second half of Theorem 4.27. 
Remark 4.32. The key property of ∆ that is used in the bimeromorphic embedding of X → ∆
above is its Steinness, so that Theorem A of Cartan (= Theorem 4.25) is allowed. At this point,
the same conclusion holds if ∆ is replaced by more general spaces (cf. the proof of Theorem 4.33
for use). We omit the details of the precise formulation.
If the strongly Gauduchon condition is assumed solely on the central fiber X0, one has the
following variant of the above theorem.
Theorem 4.33. Let B be an uncountable subset of ∆. Suppose that the fiber Xt := π
−1(t) is
Moishezon for each t ∈ B and the reference fiber X0 admits a strongly Gauduchon metric as in
Definition 4.18. Then there exists a small constant ǫ > 0 such that Xt is Moishezon for each
t ∈ ∆ǫ := {z ∈ C : |t| < ǫ}. In particular, X0 is Moishezon. Moreover, there exists an open subset
U ⊂ ∆ with ∆ \ U a discrete subset of ∆ such that the statements analogous to (ii) of Theorem
4.27 with ∆ replaced by ∆ǫ ∪ U, hold.
Proof. Lemma 4.19 implies that there exists a small disk ∆ǫ ⊂ ∆ of t = 0, such that Xt is strongly
Gauduchon for each t ∈ ∆ǫ. Since B is not a priori known to be contained in ∆ǫ, we cannot directly
apply the previous arguments to ∆ǫ. Instead, with notations in proof of Theorem 4.27, let U be
the open subset of ∆ in the beginning of that proof such that L is π-big on XU . By equipping the
subfamily XU∩∆ǫ ⊂ X∆ǫ with this line bundle L we can now safely apply the previous arguments
to X∆ǫ by using L and the strongly Gauduchon conditions within ∆ǫ. We obtain the first part
of the theorem. For the second part, ∆′ = U ∪∆ǫ is an open subset of ∆ and is still connected.
We apply the preceding proof of Theorem 4.27 to ∆′ in place of ∆. Then the second part of the
theorem follows; see Remark 4.32. 
4.4. Examples for Theorem 1.4. The goal of this subsection is to establish examples for The-
orem 1.4.
We give a brief review of Siu-Demailly’s solution of Grauert-Riemenschneider conjecture: If
a compact complex manifold possesses a Hermitian holomorphic line bundle whose curvature is
semi-positive everywhere and strictly positive at one point of the manifold, then this manifold is
Moishezon.
Definition 4.34. A compact complex manifold is called semi-positive Moishezon if there exists a
Hermitian holomorphic line bundle on this manifold, whose curvature is semi-positive everywhere
and strictly positive at one point. By Siu’s criterion [S84], this manifold is Moishezon.
Let E be a holomorphic vector bundle of rank r and L a holomorphic line bundle on a compact
complex manifold X of dimension n. If L is equipped with a smooth Hermitian metric h of Chern
curvature form ΘL,h, we define the q-index set of L to be the open subset
X(L, h, q) =
{
x ∈ X : √−1ΘL,h has q negative eigenvalues and n− q positive eigenvalues
}
for 0 ≤ q ≤ n. We also introduce
X(L, h,≤ q) =
⋃
0≤j≤q
X(L, h, j).
Theorem 4.35 ([Dm85]). With the above setting, the cohomology groups Hq(X,E ⊗L⊗k) satisfy
the asymptotic inequalities as k → +∞:
(1) (Weak Morse inequality)
hq(X,E ⊗ L⊗k) ≤ rk
n
n!
∫
X(L,h,q)
(−1)q
(√−1
2π
ΘL,h
)n
+ o(kn).
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(2) (Strong Morse inequality)
∑
0≤j≤q
(−1)q−jhj(X,E ⊗ L⊗k) ≤ rk
n
n!
∫
X(L,h,≤q)
(−1)q
(√−1
2π
ΘL,h
)n
+ o(kn).
Using the strong Morse inequality with q = 1, Demailly obtained:
Theorem 4.36 ([Dm85]). Let X be a compact complex manifold with a Hermitian holomorphic
line bundle (L, h) over X satisfying∫
X(L,h,≤1)
(√−1
2π
ΘL,h
)n
> 0.
Then L is a big line bundle and thus X is a Moishezon manifold.
Obviously, a semi-positive Moishezon manifold (X,L, h) in the sense of Definition 4.34 satisfies∫
X(L,h,≤1)
(√−1
2π
ΘL,h
)n
> 0
since X(L, h, 1) = ∅ and∫
X(L,h,0)
(√−1
2π
ΘL,h
)n
=
∫
X
(√−1
2π
ΘL,h
)n
> 0.
Under this type of integration conditions and assumptions on fibers Xt for all t ∈ ∆∗, the proof
for the deformation limit problem can be somewhat simplified:
Theorem 4.37. Let the fiber Xt := π
−1(t) be Moishezon for each t ∈ ∆∗ and admit a Hermitian
holomorphic line bundle (Lt, ht) satisfying Demailly’s integration condition∫
X(Lt,ht,≤1)
(√−1
2π
ΘLt,ht
)n
> 0.
Suppose that the reference fiber X0 satisfies the local deformation invariance for Hodge number
of type (0, 1) or admits a strongly Gauduchon metric as in Definition 4.18. Then X0 is still
Moishezon.
Proof. We deal with the Hodge number case first. Recall that any Moishezon manifold satisfies
the ∂∂¯-lemma by [Pa] or [DGMS, Theorem 5.22] and thus follows the degeneracy of Fro¨licher
spectral sequence at E1. So it satisfies the deformation invariance of all-type Hodge numbers by
[V, Proposition 9.20] or also [RZ, Theorem 1.3]. By assumption, Grauert’s continuity theorem [BS,
Theorem 4.12.(ii) of Chapter III] (or just Lemma 4.9 above) implies that R2π∗OX over ∆∗ is locally
free. Then by using the fact that each of the Moishezon fiber Xt admits a big line bundle Lt, the
Lebesgue negligibility argument in Subsection 3.2 leads to a section s ∈ Γ(∆, R2π∗OX) which arises
from c1(Lt) and proves to be satisfying s|∆∗ = 0, and thus s = 0 by combining Propositions 4.12
and 4.5. So by Lefschetz Theorem 4.13 on (1, 1)-classes, there exists a holomorphic line bundle L
on X such that for some t0 ∈ ∆∗, the Hermitian metric (L|Xt0 , h˜t0) satisfies
(4.10)
∫
X(L|Xt0 ,h˜t0 ,≤1)
(√−1
2π
Θ
L|Xt0 ,h˜t0
)n
> 0,
where the Hermitian metric h˜t0 is obtained by the ∂∂¯-lemma onXt0 such that ΘL|Xt0 ,h˜t0
= ΘLt0 ,ht0 .
Under the deformation invariance of h0,1, we can also construct a holomorphic line bundle L′ on
X with L′|Xt0 = Lt0 for this t0 ∈ ∆∗ as in Remark 3.7. However, for our purpose the equality
c1(L|Xt0 ) = c1(L|t0) is sufficient as far as (4.10) is concerned.
As for the second case, the argument of Theorem 4.27 with the assumption of strongly Gaudu-
chon metric gives the desired holomorphic line bundle L on X with the same curvature integration
34 SHENG RAO AND I-HSUN TSAI
property as (4.10). Remark that with this integration condition, one can avoid the use of Propo-
sition 4.16; see below for more.
In summary, one obtains a holomorphic Hermitian line bundle (L, h) on X and a hermitian
metric on Lt0 := L|Xt0 for some t0 ∈ ∆∗ such that (Lt0 , ht0 := h|Xt0 ) satisfies∫
X(Lt0 ,ht0 ,≤1)
(√−1
2π
ΘLt0 ,ht0
)n
> 0.
By Demailly’s strong Morse inequality in Theorem 4.35, one has
h0(Xt0 , L
⊗k
t0
) ≥ h0(Xt0 , L⊗kt0 )− h1(Xt0 , L⊗kt0 ) ≥
kn
n!
∫
X(Lt0 ,ht0 ,≤1)
(√−1
2π
ΘLt0 ,ht0
)n
− o(kn)
and thus Lt0 is big.
The difficulty here is that we have only one big line bundle Lt0 with t0 ∈ ∆∗ for the moment.
Fortunately, for |t− t0| ≤ ǫ with some small constant ǫ > 0, one still has, by continuity of smooth
extension of the smooth Hermitian metric on L|Xt0 , that∫
X(Lt,ht,≤1)
(√−1
2π
ΘLt,ht
)n
> 0.
By Demailly’s strong Morse inequality again, one obtains that Lt is big for |t−t0| ≤ ǫ. So Corollary
4.3 completes the proof. 
As a direct corollary of Theorem 4.37, one obtains the following result.
Corollary 4.38. If the fiber Xt := π
−1(t) for each t ∈ ∆∗ is semi-positive Moishezon and the
(0, 1)-Hodge number of X0 satisfies the deformation invariance or admits a strongly Gauduchon
metric as in Definition 4.18, then X0 is Moishezon.
Proof. Here we give a second proof of Corollary 4.38, which seems of independent interest.
By the proof of Theorem 4.37, there exist a holomorphic line bundle L on X and some τ ∈ B
such that Lτ := L|Xτ is semi-positive on the whole Xτ and strictly positive at one point of Xτ .
The difficulty here is that the line bundle Lτ is big only at one τ for the moment. By Berndtsson’s
solution of Grauert-Riemenschneider conjecture [Bn], there exist c0, c1, · · · > 0 and some positive
integer N such that for all k > N , there hold
hq(Xτ , L
⊗k
τ ) < cqk
n−q,
for all 1 ≤ q ≤ n and
h0(Xτ , L
⊗k
τ ) ≥ c0kn.
For any m > N and 1 ≤ q ≤ n, let
Vm,q = {t ∈ ∆ : hq(Xt, L⊗mt ) ≥ cqmn−q}
and
Vm = ∪nq=1Vm,q.
Then Vm is an analytic subset of ∆ but not equal to ∆ since for m > N , t = τ is excluded from
Vm. So for m > N , Vm is a discrete subset of ∆. Now set V = ∪m>NVm, which is a countable
subset of ∆, and
V˜ := ∆ \ V
which is non-empty and uncountable. So for τ˜ ∈ V˜ , one has
hq(Xτ˜ , L
⊗m
τ˜ ) < cqm
n−q
for each 1 ≤ q ≤ n and m > N . Thus by asymptotic Riemann-Roch Theorem 3.8 applied to L⊗mτ˜ ,
one obtains
h0(Xτ˜ , L
⊗m
τ˜ ) ≥ c0mn
for all m > N , giving that Lτ˜ is also big on Xτ˜ for each τ˜ ∈ V˜ . We now apply Corollary 4.3 to
complete the proof. 
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